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Abstract 

A recent provisional solution of the quantum-corrected field equations oi d = 11 super- 

, gravity on fiat R^ times a compact hyperbolic 7-manifold H^, in the presence of mag- 

Ph. netic 4- form fiuxes wrapping 4-cycles of H^ , is improved by showing that the curvature 

^ ■ radius B of H^ and the r.m.s. 4-form fiux strength h each have a single stationary point 

°fj| as the field redefinition parameter c is varied. Application of the principle of minimal 

O . sensitivity then fixes c in a moderate range such that B and h^^^ vary by only 4% and 

K^' 5% respectively over this range. The new best value of -B is ~ 0.28/t;^( ~ 1.2M2]^"'^. 



The low-lying bosonic Kaluza-Klein modes of the bulk are studied. The classically 
massless harmonic 3-form modes of the 3-form gauge field, whose number is estimated 
^ ' as roughly 10^^ if the intrinsic volume of H^ is ~ 10"^^, acquire a mass ^ 0.2-g from 



quantum corrections, where the warp factor A is fixed by the boundary conditions at 

the Hofava-Witten (HW) boundary to lie between about 0.7 and 0.9. They have axion- 

^ I like couplings to the SM gauge bosons. Their lifetimes range from about 10~^^ seconds 

Z^ ! to several hours depending on the distance of their centre from the HW boundary, and 

they can decay along the beam line outside the interaction region at the LHC, with 

a distribution that shows a power law rather than exponential decrease with distance 

;_( ! from the IP. Approximate exclusion limits are obtained from recent LHC data, and 

C^ ■ 

discovery prospects at ATLAS and CMS are studied. 
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1 Introduction 

The weakness of the gravitational interaction relative to the strong and electroweak 
interactions would have a natural explanation if there existed n > 2 compact extra 
spatial dimensions of volume ~ 10^^ TeV~" in which the gravitational field is diluted, 
while the Standard Model (SM) fields are confined to a very small part of this region. 
The mass defining the strength of gravity in 4 + n dimensions would then be around a 
TeV [DEIE]. 

The confinement of the SM fields to a small part of the 3 + n spatial dimensions 
is natural in d = 11 supergravity |1], because the d = 11 supergravity multiplet does 
not couple to any matter fields in 10 + 1 smooth dimensions, but can couple to matter 
fields on various types of localized impurity, the simplest of which is a Hofava-Witten 
(HW) boundary El El El [101 [II] • 

If the 7 compact dimensions have the topology of a compact orientable hyperbolic 
7- manifold H^ that admits a spin structure [I2], then when the metric on them is 
locally maximally symmetric, and their curvature is fixed, they are completely rigid 
[HI [151 [m [H]. Their shape and size is determined by their topology, and they 



can be arbitrarily large. The number of distinct topologies for which their volume is 
< V grows as V^^ at large V, where a > is a constant [HI [19]. The SM fields can 
be accommodated on a HW boundary R'^ x H^ of R^ x H^ , with a closed hyperbolic 
Cartesian factor H^. 

I shall use the notation and results of [20], with some improvements as follows. 

In section 3 of [20], a provisional solution of the quantum-corrected Einstein equa- 
tions oi d = 11 supergravity on flat R^ times H^, in the presence of magnetic 4- form 
fluxes HjjKL = djCjKL - djCxLi + dRCuj - QlCuk of the 3-form gauge field Cjjk 
oi d = 11 supergravity wrapping 4-cycles of H^ , was obtained in the approximation 
of working to leading order in the Lukas-Ovrut-Waldram (LOW) harmonic expansion 
of the energy-momentum tensor on H^ [21]. The 4- form fluxes were assumed to be 
proportional to harmonic 4-forms on H^ , and thus to solve the classical CJS field equa- 
tions for HijKLi and the quantum corrections to those field equations were neglected. 
The fluxes were assumed to be approximately uniformly distributed across H^ , so that 
the LOW expansion only needed to be applied over relatively small local regions of H^ , 
and to leading order in the LOW expansion, the flux bilinears were assumed to have 
the form: 

HabefHcdghG G = —^ {GacGbd — GbcGad) , (1) 

where /i > is a constant of dimension length'^, B is the curvature radius of H^, and 
Gjj is the d = 11 metric, which on H^ has the form Gab = B'^Qab, where qab is a 
metric of constant sectional curvature —1 on H^. Coordinate indices I, J,K, . . . run 
over all 11 dimensions, coordinate indices /i, z/, a, . . . are tangential to the four extended 
space-time dimensions, and coordinate indices A,B,G, . . . are tangential to W . The 
coordinates are x^ = (x^,x^j. The metric is mostly +, and units such that h = c = 1 
are used. The dependence on B is fixed by the fact that Habcd is independent of B, 
because the integral of HABcndx^dx^dx'^dx^ over a 4-cycle of H^ is quantized, and 
independent oi B [221 [23]. 

The bosonic part of the quantum-corrected action on the 11- dimensional bulk was 
assumed to have the form: 

p(bos) _ r<(bos) p(8,bos) ,r)\ 

■■- SG — "^CJS "'"■'- SG ; l^J 

where 5'cjg is the bosonic part of the classical action oi d = 11 supergravity [1]: 
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and for covariantly constant fluxes, the leading quantum correction FgQ °^ is a dimen- 
sion 8 local term of the form ^^■. 

(4) 
Here ^B means the bulk, ku is the gravitational coupling constant in 11 dimensions. 



e = a/— G is the determinant of the vielbein Cjj, where G is the determinant of the 
metric G/j, and the antisymmetric tensor e,\'^^ " is related to the SO (10, 1) invariant 
tensor efj^')^", with components 0,±1, by efn/" = e^^ j^ . . . e^" j^^e^^J^y^". Hatted 
indices are local Lorentz indices. The Riemann tensor for the metric Gjj is deflned 
by: 

Rij L = diTj L — djTj L + F/ M^j L — Tj mT/ l, (5) 

where the standard Christoffel connection is Tj-^k = ^G'^^ {djGiK + dj^Gu — OlGjk), 
and the Ricci tensor and scalar are deflned by Rjj = Rki^ j, and R = G^'^Rjj. The 
modifled Riemann tensor Rjjkl is deflned by: 

RlJKL = RlJKL — -^HikMnHjl + -HjkMnHjl ■ (6) 

o o 

The notation tstgR^ is a shorthand for 

j.hl2JiJ2KiK2LiL2j.MiM2NiN20iOiPiP2 D D D D /'T'l 

^8 '■8 ^hl2MiM2'^.hJ2NiN2'^KiK20i02'^LiL2PiP2^ [' ) 

where ^i^Jk^lmnop jg ^^ tensor built from G^"^ and antisymmetric in each successive pair 
of indices, such that for antisymmetric tensors A/j, Bjj, Gjj, and Djj: 

J.IJKLMNOP A u n rt — 

t^8 ^ij-dkl^mn-i^op — 

= 8 (tr (ABGD) + tr (AGBD) + tr (AGDB)) 

-2 (tr (A5) tr (GD) + tr (AC) tr (BD) + tr (AD) tr (BG)) = 

= 8 {AjjBjkGklDli + AjjGjkBklDli + AjjGjkDklBli) 

— 2 {AjjBjjGklDlk + AjjGjjBklDlk + AijDjiBklGlk) (8) 

Repeated lower coordinate indices are understood to be contracted with an inverse 

metric, for example AjjBjk = Aj-^Bjk = G'^^AjlBjk- Thus: 



tstsR = 12 RijmnRijmnRklopRklop + '^4:RjjMN RijopRklopRklmn 

— 96RijMN RijmpRklonRklop — 4=8RijMN RijopRklmpRklon 

— 96 RijmnRkjmnRilopRklop — 48 RijmnRklmnRilopRkjop 

+ 192 RijmnRkjonRklopRilmp + 384 RijmnRilmpRkjopRrlon- 



(9) 



Similarly: 



-eutsCR = 4:^(li) ^^Cj-^i^i^^Rj^i^jKRlehKLRlsIgLMRhoIiiMJ /iq\ 

~ ^(11) ^^Ci^i^i^Ri^i^jKRhhKjRhhLhlRhiihiML- 



And: 



y — ^ c c "r^ — ^ JJKLiLiMiM^NiNiOiOi^ 

^ = -^eiieil-K = ~^^(11) (^(U)IJKPiP2QiQ2RiR2SiS2 

V R P1P2P Q1Q2D H1H2D S1S2 (11) 

X J^LiL2 -rtMiA/2 J^NiN2 -KO1O2 ^ ^ 

01 

_ °- D [ili2 p M1M2 D N1N2 D O1O2] 

— y-KLiL2 -KM1M2 ^NiN2 -KO1O2 ) 

Z is the result of using the classical Einstein equations following from ([3]): 

2 12 yb 

to replace all Ricci tensors and Ricci scalars resulting from writing out the antisym- 
metrization of the upper indices, in the final form of (ITT]) , by bilinears in Hjjxl, and 
c is a coefficient. 

The coefficient of the eutsCR"^ term in (jl]), which is known as the Green-Schwarz 
term because of its role in anomaly cancellation [25], is fixed absolutely by anomaly 
cancellation on five-branes [261 123 [281 IMl [30], and conffimed by anomaly cancellation 
in Hof ava-Witten theory [3ll|32l[33ll3ai35l[36ll29l[371[l0]. 

The relative coefficients of all terms in (jl]) are fixed by supersymmetry, up to the 
fact that arbitrary multiples of linear combinations of terms that vanish when the 
classical Einstein equations ( !T2|) . and the classical equations: 

n ttLIJK 1 JJKLMNOPQRS jj tt n, /i Q^ 

-t^L-n - ^7F^^{11) J^LMNO^PQRS = U (13j 

for CjjK that follow from (|3]), are satisfied can be added, because the overall coefficients 
of such linear combinations of terms can be adjusted arbitrarily by making redefinitions 
of the fields of the form G/j, Cuk -^ Gjj + kH Xjj, Cuk + k,u Yuk, where Xjj 
and YjjK are dimension 6 polynomials in the fields and their derivatives [381 l39l HO] . 
The ciZ — Z\ term has been included to allow for this ambiguity. When c = 0, 
compactification of (jl]) on a small S^ gives the form that arises naturally from type IIA 
superstring scattering amplitudes [4T1|42], while c = 1 gives the form of (j4]) that arises 



naturally when supersymmetry is systematically implemented by the Noether method 

Ha lag [391 IB] . 

Field redefinitions of this type are like a change of coordinates in "field space" , so 
they do not change the physical content of the theory. In particular, they do not 
alter the S*- matrix |1S1 SSI E] • The collection of all such field redefinitions, with Xu 
and YijK generalized to expansions of the form I]n>o '^ii ^ij ^^d I]n>o '^ii ^ijki 
where X^j and Yjj^^ are dimension 6 + 3n polynomials in the fields and their deriva- 
tives, forms a "field redefinition group", that generalizes the renormalization group of 
renormalizable quantum field theories. 

At low orders of perturbation theory field redefinitions do affect physical quantities, 
and can even affect whether a particular type of solution of the quantum-corrected field 
equations exists or not. Sensitivity to field redefinitions should decrease as higher-order 
corrections are included, so at low orders of perturbation theory, we should use the 
principle of minimal sensitivity (PMS) |l8] to choose the best field redefinition, as in 
perturbative QCD. Doing that should minimize the size of the higher-order corrections. 
In QCD the PMS resolves the renormalization scheme ambiguity, and here it means 
using "coordinates in field space" best suited to the geometry being studied. 

With the exception of the eutgCR^ term, and the 4-field parts of terms that depend 
on HjjKL through DjHjklm, and thus vanish for covariantly constant fiuxes [HI |50l 
\5T\ HO] , the C/ j/^-dependent terms in FgQ °^ are not yet known. Their inclusion 
through the modified Riemann tensor Rjjkl defined in ([S]) is a guess such that if ^ is 
compactified on a small 5*^, such that the fields are covariantly constant and only the 
fields of the type I supergravity multiplet in 10 dimensions are nonzero, it agrees with 
the Kehagias-Partouche (KP) conjecture for the completion of the dimension 8 local 
term in 10 dimensions [S21ES], up to correction terms that contain factors that occur 
in the classical Einstein equation in 10 dimensions. The KP conjecture is supported 
by recent calculations by Richards [42], but was shown in section 2 of [20] to require a 
correction, because it cannot be oxidized as it stands to a generally covariant formula 
in 11 dimensions. 

The metric in the bulk, away from the immediate vicinity of the HW boundary, is 
assumed to have the form: 

dsl^ = Gijdx^dx-^ = A^r^^ydx^dx" + B'^gAndx^dx^, (14) 

where 7]^^ = diag(— 1, 1, 1, 1) is the metric on (3 + l)-dimensional Minkowski space. 



and y4 is a constant. 

Because the leading quantum correction (jlj) is a local term, independent of the 
topology of H^ , the assumption ([1]) means that the quantum-corrected Einstein equa- 
tions at this order are consistent with the locally maximally symmetric metric ansatz 
(TTl]) . so by Palais's Principle of Symmetric Criticality [Ml ESI ESj, the Einstein equa- 
tions can be derived by substituting ( IT^ into the action ([2]), and varying with respect 
to the constants A and B. 

More directly, when we expand the quantum-corrected action ^ for a general 
perturbation G/j = Gu + 2/i/j of the metric ansatz flT^ in powers of the perturbation 
tensor /i/j, the result is a sum of local terms built from G/j, its Riemann tensor Rijkl, 
the covariant derivatives Dj built from Gjj that satisfy DjGjk = 0, and the tensor 
hjj, and for the terms linear in hjj we can remove all covariant derivatives from hjj by 
integrations by parts, and those covariant derivatives then give by the local symmetry 
of flT^ . The quantum-corrected Einstein equations for flT^ are thus proportional to 
the metric blocks G^^ and Gab corresponding to the irreducible locally symmetric 
space Cartesian factors of the 11-dimensional product space, and the proportionality 
factors can be obtained by using, for example, |g = gg^ sg'^ ~ 'E^^^'sg^ 



B 



In terms of rescaled parameters: 



2 IS IT 9 B ~ ievrs 



^- oi4 2/9' ^ ~ 91 2/3' (^^) 

the action density, after substituting in the metric ansatz (TT4|) . is the square root of 
the determinant of cjab, times: 



21' .^*B'(-5 



163 25 8/9 n2 





(16) 
2225255/1^ 



189^14 10368520 870912S26 3009871872532, 



This is obtained in the approximation of using ([T]) for the HH terms in (|6]) to obtain 
Rabcd = [^ + 8^) {GadGbc - GacGbd), and then substituting this into (Hj), to- 
gether with the corresponding treatment of Z, instead of first expanding (jl]) in powers 
of H and summing over all pairings of factors of H before using ([1]) and the correspond- 
ing equation with no index contractions, as would be required for i7 to be a Gaussian 
random variable with mean zero and mean square fixed by ([T]). 



Defining: 

_ h _ h 

the field equations reduce to: 



2633637888r/^ + 126414618624J B" - 734832r/» - 23514624r/'' 
- 282175488r/^ - 1504935936//^ - 3009871872 - (22252557/^ 
+ 704851207?^ + 66769927?^ + 14173470727/^ - 2723217408) c = 0, 



and 



(17) 



:u 



(26336378887/2 - 632073093120) B^ - 183708007/^ - 4467778567/*' 
- 3668281344r/^ - 10534551552//^ - 3009871872 - (556313757/^ (19) 

+ 13392172807/^ + 86800896//^ + 99214295047/^ - 2723217408) c = 0. 



Solving these as two simultaneous linear equations for c and B^, we find: 

c = -^-^^ {v' + 8)' (r/' + 607/2 ^ go^ ^ (20) 

56 V'^ iv^ + 8)^ (225957/6 + 524465287/^ - 1295377927/^ + 694738944) 

^ = umv) ' ^ ^ 

where 

V (7/) = 22252557/^° + 1863791407/^ + 33866242567/'^ 

+ 5947084807/^ + 340163297287/^ - 32678608896. 



(22) 



The polynomial V (r/) is positive for r/^ > r]"^^^ and negative for 7/^ < r]'^^^, where 
r/min ~ 0.9364, and has no real zeros other than 7/ = ±r/min. c is a monotonically 
increasing function of 7/ for 7/ > rj^m, and tends to the limit Cmax = ~2^^ — —0.3302 
as 7/ — )■ +00. The product B^V (7/) is > for all 7/, so a solution with real B only 
exists for 7/^ > 7/^^;^^, and thus only for c < Cmax- -B and h are positive, so we only need 
to consider the region 7/ > 7/inin, and in this region, (12 Op determines 7/ implicitly as a 
function of the field redefinition parameter c, and f l2T|) then determines S as a function 
of c. 



1.1 Application of the Principle of Minimal Sensitivity 

If the system is physically sensible, then by the PMS, there should be values of the 
field redefinition parameter c, not too far apart, where the solution exists, and ^ and 
^ are respectively 0. c should then be chosen somewhere between these values, in 
order to minimize the size of the higher order corrections. The PMS was not applied 
properly in [20], because only the dependence of rj, there called x, on c was considered, 
and it was then necessary to make an ad hoc choice of c. 

However 4^ and ^, and consequently also ^ and ^, each have exactly one zero for 
V > ''7mm- For ^ and ^, the zero is at 77 ~ 1.700, which corresponds to c ~ —1.590, 
B ~ 0.580, h ~ 0.332, B ~ 0.277Kl(^ and h ~ 0.0363Kif , and for ^ and § , the zero is 

at r/ ~ 1.291, which corresponds to c ~ -3.083, B ~ 0.605, h ~ 0.286, B ~ 0.289Kif , 

2/3 
and h ~ 0.0312kix • These values give the range of values of the field redefinition 

parameter c, and the physical quantities B and h, selected by the PMS at this order 

of perturbation theory. The unphysical parameter c varies by almost a factor of 2 

over this range, but B and h^^^ vary by only 4% and 5% respectively over this range. 

The ad hoc value of c chosen in [20] does not lie in this range, so it is necessary to 

reconsider some of the conclusions of [20] . 

The mean of the values of c at the ends of the selected interval is c ^ —2.337, which 

corresponds to r/ ~ 1.425, B ^ 0.282^1^, and h ~ 0.0320ki(1 I shall use B ^ 0.28kI{^ 

as the best value of B. 



The conclusion on page 42 of [20] that 61, the curvature radius of the closed hy- 
perbolic Cartesian factor H^ of the HW boundary, lies in the range 0.975 to 1.00-B is 
unaltered. Thus from equation (107) on that page, the Giudice-Rattazzi- Wells per- 
turbativity criterion [ST] is still satisfied by a large margin, both in the bulk and on 
the HW boundary. 

The second derivative of (fT6l) with respect to B, when (!20|) and (!2T|) are satisfied, 
is: 



22595r]''' + 367719527/^^ + 3107227616r/° 



2'ii7if4i'B^nv) ^"'"^'^'' (23) 

+ 1531643904r/^ + 1459150848//^ + 44463292416) 

Thus the solution is a minimum of the potential energy for all 77 > 77min. I shall show 
in subsection 12.21 starting on page |23l that ( l23l) gives a first approximation to the mass 
TTZdii of the dilaton/radion, as seen on the HW boundary, of rridn ~ 94 — SOAkii ^ 
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7AMii, where the warp factor A will be found below to be fixed by the boundary 
conditions at the HW boundary to lie between about 0.7 and 0.9. 

The diameter L of a compact manifold is by definition the maximum over all pairs 
of points of the manifold of the shortest geodesic distance between them. The intrinsic 
volume and intrinsic diameter of a compact hyperbolic manifold are its volume and 
diameter when the metric on it is locally maximally symmetric, with sectional curvature 
equal to —1. 

From equation (111) on page 44 of [2U], with 6i ^ i?, the intrinsic volume Vg of the 
closed hyperbolic Cartesian factor H^ of the HW boundary is now estimated to lie in 
the range from about 270000 to about 580000, corresponding to an Euler number 
X [H^] in the range from about —16000 to about —35000, where the uncertainty 
arises mainly from the uncertainty of the value au of the QCD fine structure constant 

2 _ 

cts = 1^ at unification. Thus if H^ is reasonably isotropic, in the sense that it has an 
approximately spherical fundamental domain in 6-dimensional hyperbolic space H^, 
then from equation (9) on page 9 of [20], with S^ = tt^, its intrinsic diameter Lg lies 
between about 5.7 and 6.0. 

Moss's improved form of Hof ava-Witten theory is used [5], IHl [IDl [H] • In the region of 
the HW boundary, the coordinates x^ have the form (x^ ,y], where indices U,V,W, . . . 
are tangential to a family of hypersurfaces foliating the (10 + l)-dimensional manifold- 
with-boundary, one of these hypersurfaces coinciding with the boundary, and y takes 
a constant value on each of these hypersurfaces, with the value of y distinguishing the 
hypersurfaces. y takes the value yi on the boundary, and y > yi in the bulk. The 
symbol y is also used as the coordinate index for the y coordinate. 

The boundary is equivalent to a double-sided mirror at y = yi, such that all the 
fields on one side of the mirror are exactly copied, up to sign, on the other side of the 
mirror, with the fields at (x^,y] mapped to the fields at (x^,2yi — y)- The Yang- 
Mills multiplet is adjacent to the mirror, but infinitesimally displaced from it, so that 
it has its own reflection infinitesimally on the other side of the mirror [33] , and I shall 
represent this by writing the y coordinate of the Yang-Mills multiplet as y = ?/i+. 

The bosonic part of the Yang-Mills term in the semi-classical action on the HW 
boundary is: 

Here Fuv = duAy — dyAu + i [Au, Ay] is the field strength of the E^ Yang-Mills 
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gauge field Au = T-^A^ localized at y = yi+, indices A,B, . . . run over the 248 gener- 
ators of -Eg; and the hermitian generators T-^ in the fundamental/adjoint of E^ satisfy 
tiT-^T^ = 305"^^. In the SO (16) basis for Eg, the T-^ are —^i times the generators 
in Appendix 6. A of [5H] or subsection 2.1 of [59], and in the SU (9) basis for Eg, the 



T-^ are the generators in subsection 5.2 of [59]. e = \J —G is the determinant of 
the vielbein e^y, that satisfies Cj^jyCy^ = Guv^ where Guv is the induced metric on 
the boundary, which is obtained from G/j by dropping the row and column with an 
index y. The coefficient of the first term in ^IM is fixed by anomaly cancellation 
[a EB E21 ESI ElEa ESI 123 EZl [ID] and has the value found by Conrad [32], which is 
slightly different from the original value found by HW. The Rjjyy^-^EF^'^-^ term was 
derived by Moss [11], with: 

T) W Pi - W Pi - W , - W - Y - W - Y /okN 

^UV X — Ou^V X ~ dyUJu X ~^ ^U Y^V x ~ ^V f^U X' l-^^J 

where 

and ojjjyyir = G'^w [^u"^ x^YV ~ '^u^xv) ^^ ^^^ Levi-Civita connection for the vielbein 
e^jy. The sign choice in (126|) is correlated with the chirality conditions on the gravitino, 
gaugino, and supersymmetry variation parameter on the boundary. 

The compact hyperbolic 7-manifold W of intrinsic volume around 10'^^, with a 
closed hyperbolic boundary H^ of intrinsic volume in the range from about 3 x 10^ to 
about 6 X 10^ that accomodates the SM fields, and possibly also other closed hyperbolic 
boundaries that accomodate dark matter fields, is assumed to be obtained from a closed 
hyperbolic 7-manifold by cutting it along suitable 6-cycles, and keeping one connected 
component of the result. 

The SM boundary is near a minimal-area 6-cycle of the compact hyperbolic 7- 
manifold that was cut to form the boundary, and the metric in the region of the 
boundary is a small perturbation of what it would have been if the boundary was not 
there. The metric in this region has the form: 

ds\-^ = Gjjdx^dx"^ = a (y) rj^^di'^dx" + b (y) gabdx°'dx^ + dy"^ (27) 

Here a (y) — )■ A away from the boundary, and a{y) = 1 on the boundary. Indices 
a,b,c, . . . are tangential to H^, so that x"^ in flT^ is now (£", y), and x^ is {x^, x""). gab 
is a metric of sectional curvature —1 on H^. 
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If the boundary was not there, and b (y) had its minimum value at y = 0, 6 (y) 
would he b = i?cosh (-§)• Then ( 127|) . with a (y) = A, would be in agreement with 
(fT^ . for a particular choice of coordinates on this region of H^ . The effective energy- 
momentum tensor Tjj in this region is calculated by requiring that this metric satis- 
fies the classical Einstein equations with that Tfj. We define a{y) = (1 +p{y))A, 
b{y) = (1 + g (y)) i^cosh-^, where \p{y)\ and \q {y)\ are assumed <C 1, and substitute 
the perturbed metric into the Einstein equations with the effective Tjj. Expanding to 
first order in p and q, p {y) and q (y) are found to satisfy: 

5 . 5q 

^"~4^+45sinh|cosh§ ^ ' 

sinh-^ 5q , , 

where a dot denotes differentiation with respect to y. To find the solution of fl25]) and 
(12^ such that p and q tend to as y — )■ oo, we define .^ = tanh-|, so that ^ — > 1 as 
y — )■ oo. The equations then become: 

(30) 

The solution is: 

,(0,J(l-Ol- Ml-C)^ ^35(1-0^ 35(l-0^f 

^^^^ \^^ ^^ 12 1056 18304 '' ^ ' 

p(()--p(i)-ll''-^di\ (33) 

where /c is an arbitrary constant, q {^) looks qualitatively like the base of a parabola 
centred at ^ = 1, and is ^ 0.6184/;; for ^ = 0, while p (^) has a logarithmic singularity 
as ^ — 7- 0+. 

For a first estimate of the boundary conditions for the metric [60l [61], |62l |9], I 
neglected the flux terms in Ruvwx, defined in (^^, by assuming, if necessary, that 
Hyuvw is smaller than its average value, near the boundary. Then to leading order in 
the LOW harmonic expansion of the energy- momentum tensor 

9 rc(bos) 
rf{hos)UV ^ ^ "'^YM foA) 

e SGuv 
12 



dp 
dC 


5 dq 

Adi^ 


5g 

4e 


,2\ dh 

^ de 


di 


-5g 



on the boundary, and assuming that iiFacF},^ is a multiple of Gah-, the boundary con- 
ditions are: 



2/3 



a 



y=yi+ ^1 " 



K 



2/3 
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y=yi+ 



P-^> (35) 



where the number p is: 



W L ^'^V5 ^^273^"^'' (-^tTF^bFcd + ^i^afc^i^cde^) , (36) 

Va JH^y=yi+ V Qfivr UttY'-^ V 30 2 ' / 



"■',y=?/i+ 967r (47r 



where Vq = ^f^fd^Xy/g is the intrinsic volume of the H^ Cartesian factor of the boundary. 

If there were no Yang-Mills fluxes on the boundary then p would be ^^ 2/3 — 

0.01840. 

Let ,^1 = tanh^ denote the value of ^ at the boundary. The sum of the boundary 
conditions f p5|l gives: 



1 




+ MlZ|+{,=0, (37) 



S=6 "« 



where (1301) has been used. The logarithmic singularity of p as .^ — ^ 0+ means that we 
require ^1 > for the assumption that \p\ ^ 1 to be valid, so since |^ < and \q>Q 
for < ^ < 1, fl37|) implies that /c < 0. Using fl371) to express k in terms of ,^1, we find 
that gi = q{E,i)i as a function of .^1, looks qualitatively like an upside-down parabola, 
with a peak value of at ^1 = 0, and ~ -0.25 at ^1 ~ 0.63. And ^ = ^^^, as 
a function of ^1, decreases smoothly from a peak value of 1 at ^1 = 0, to a minimum 
value ~ 0.967 at ^1 ~ 0.56, and then starts increasing at an increasing rate. 

Using B ^ 0.28fi:]^( as the best value of B determined by the PMS, the second 
equation of (135|) becomes: 



(1 - il 



dq 



C=«i 






so we require p > 0. Thus the number of vacuum Yang-Mills fluxes should be small 
enough for the R^ term in (|36l) to outweigh the F^ term. 

Substituting for k from dSZ)), we find from ([MD that for p = 0.01840, ^1 ^ 0.391, 
hence k ~ —0.768, so pi = p{^i) — 0.165, hence A ~ 0.858, and gi ~ —0.103, hence 

2/9 

bi ~ 0.975-B ~ 0.27^1]^ . Thus working to first order in p and q has been justified. 



Moss's derivation of the RuvwxR^^^^ term in i^^ used an expansion scheme in 
which Ricci tensor and scalar terms, if present, would only show up at higher orders 
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|11] . If the RuvwxR^^^^ term was in fact the first term in a Lovelock-Gauss-Bonnet 
term of the form RuvwxR^^^^ - ^RuvR^^ + R^, the size of the RR terms in ([36]) 
would be increased by a factor of 6, with the main contribution coming from the square 
of the Ricci scalar. If there were no Yang-Mills fluxes on the boundary p would then be 
^ 0.1104, for which ([37]) and ^ give ^i ~ 0.725, k ^ -32.75, pi ~ 0.430, A ^ 0.699, 
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gi ~ —0.319, and 6i ~ 0.9895 ^ 0.28^]^^ . This is not really within the region where 
working to first order in p and q is justified. 

The Einstein action on the 4 extended dimensions has the form: 

^Ein = TTT^ / d^'x^^r^R^u {g) , (39) 

167rGAr J 

where g^y differs from 77^,^ by a small perturbation, that depends on the coordinates x" 
on the 4 extended dimensions, but not on the coordinates x^ on H^ . Gm is Newton's 



N 

constant, with the value |63j : 

Gn = 6.7087 X 10~3^TeV~^ (40) 

so that VG^ = 8.1907 x 10^^^ TeV"^ = 1.6160 x 10"^^ metres. Comparing with (^ 
and ( 1T^ . and noting that Rij^ l and hence Rjj are unaltered by rescaling the metric by 



a constant factor, so that yj —GG^^ R^u {G) = A*B'^ yJ—g^^g^^R^^ (g) everywhere 
on H^ except in the immediate vicinity of the HW boundary, where Gu here represents 
the metric obtained from flT4]) by replacing ri^i, by g^^, we find, in the approximation 
of neglecting the volume of the region where a (y) in (127)) differs appreciably from A, 
that the intrinsic volume V^ = JnidJx^ of H^ is given by [H [21 [3l [HU [12] : 

^!^ = ^- (41) 

2fi:fi IQtiGn 

The experimental limits on the gravitational coupling constant in D dimensions are 
expressed in terms of a mass M/5, such that for D = 11, Mu = (2%) Kh = 
4:.1764:Kii [57] [63]. The latest limits from searches for virtual graviton exchange 
and graviton emission at the LHC [651 EH [67] [68] [69] UOl UH [12], and searches for 
microscopic black holes at the LHC [731 HH US] ; suggest that the experimental lower 
bound on Mu, for 7 flat extra dimensions, is now roughly Mu > 2.3 ± 0.7 TeV, 

2/9 

corresponding to Kh > 0.55 ± 0.2 TeV. 

From above, A is expected to lie in the range from about 0.7 to about 0.9, and the 
best value of B, determined by the PMS, is i? ~ 0.28fi;]^{ . If k^i ' was about 0.55 TeV, 
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so that B was around 0.51 TeV-\ A = 0.7 would give Vj ~ 3.0 x 103^ and A = 0.9 
would give V7 ~ 1.8 x 10^^. Thus if H^ is reasonably isotropic, in the sense that it 
has an approximately spherical fundamental domain in 7-dimensional hyperbolic space 
H^, then from page 9 of [20], the current upper bound on the intrinsic diameter Lj 
of H^ is about 28, hence the current upper bound on the actual diameter L7 of H^ is 
about 14 TeV"^ ~ 2.8 x 10"^^ metres. 

From between fl23|) and flM|) above, the intrinsic diameter Lg of the closed hyperbolic 
factor H^ of the HW boundary lies between about 5.7 and 6.0 if H^ is reasonably 
isotropic, so if both H^ and H^ are reasonably isotropic, the current upper bound on 
the ratio L^/Lq of their intrinsic diameters lies between about 4.9 and 4.7. And since 
the curvature radius bi of the HW boundary is ^ 5, this also gives the current upper 
bound on the ratio Lj/Lq of their actual diameters. 

— Y — 

Closed hyperbolic 7-manifolds H of intrinsic volume Vj ~ 10'^^ that have a closed 

= 6 

hyperbolic minimal-area 6-cycle H of intrinsic volume ~ 10 , such that in suitable 
coordinates near H the metric of sectional curvature —1 on H has the form of the 
last two terms in (17r|) with b = coshf-^j, might be relatively rare among H with 

Vj ~ 10^^. For if cutting H along H separates H into two connected components, 

= 7 =7 

let H,2) be formed by cutting H along y = and joining two copies of the larger volume 

component along this boundary, while if cutting H along H leaves H connected, let 

= 7 =7 

iJ(2) be formed from two copies of H cut along y = 0, by joining boundary b of copy 

1 to boundary a of copy 2, and boundary b of copy 2 to boundary a of copy 1. Then 

the smallest non-zero intrinsic eigenvalue Ai of the negative of the Laplace- Beltrami 

operator A = 4=9^ iy/gg^^dB-) on H/2) is bounded above by ~ 10~^^, since for any 



function / (x) such that /^7 y/gfd'^x = 0: 

and we can choose / to be 1 on one of the two connected components of the mani- 

= 7 
fold obtained from H by deleting the region with \y\< 1, and —1 on the other such 

component, with a smooth transition across the region with ||/|< 1 [76]. But from the 
discussion on pages 9 to 12 of [2U], it seems possible that typical H , n > 2, of arbitrar- 
ily large intrinsic volume V^, will have few or no nonzero intrinsic eigenvalues A of —A 
smaller than ^^ [12 [73 [ZHl [73 |80l Ell [821 [831 111 |85l |86l Ell EHl [^ 

Closed H that have a closed hyperbolic minimal-area 6-cycle H , such that in 
suitable coordinates the metric near H is as above, exist with arbitrarily large values 
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of Vy/Vg, for section 2.8. C of [M] gives examples for all n > 2 oi H that contain a 

= n-l 

2-sided non-separating embedded closed hyperbolic hypersurface H . If we take A^ 
copies of such an H , cut each along that H , and join side b of copy 1 to side a of 
copy 2, side b of copy 2 to side a of copy 3, . . ., and side b of copy N to side a of copy 

— n 

1, we get a closed hyperbolic n-manifold i?(7v) that is an A^-fold cover of the original 
H , so the ratio of the intrinsic volume Vn(N) of H,j^^ to the intrinsic volume Ki_i of 
that H can be arbitrarily large. However these -f^(7v) ^^^ far from being reasonably 
isotropic for large A^, because their intrinsic diameters and intrinsic volumes both grow 
in proportion to A^, while from page 9 of [20], the intrinsic volume Vn of a reasonably 
isotropic H is approximately related to its intrinsic diameter L„, for large L„, by 
Vn — 2"-i"(n^-i) ^''"'~"^''^) where Sn-i is the area of the unit (n — l)-sphere. 



2 The bosonic Kaluza-Klein modes of the super- 
gravity multiplet 

I shall continue to work to leading order in the Lukas-Ovrut-Waldram (LOW) harmonic 
expansion of the energy-momentum tensor on H^ [2T] , and to assume that the vacuum 
fluxes are approximately uniformly distributed across W , so that the LOW expansion 
only needs to be applied over relatively small local regions of H^. In addition to the 
assumption ([1]) on the vacuum flux bilinears, I shall assume that to leading order in 
the LOW harmonic expansion, expressions linear in the vacuum fluxes are zero. The 
Kaluza-Klein modes of the metric Gjj and the 3-form gauge fleld Cjjk are then to a 
flrst approximation decoupled from each other, and can thus be treated separately. I 
shall use the convention stated between ([8]) and (Q, that repeated lower coordinate 
indices are understood to be contracted with an inverse metric G^"^ . 

2.1 The Kaluza-Klein modes of the S-forrn gauge field 

As stated just before ([T]), the vacuum 4- form fluxes are assumed to be proportional 
to harmonic 4-forms on H^, and thus to solve the classical CJS fleld equations (IT3|) 
for HjjKL, and the quantum corrections to those fleld equations are neglected, so for 
a flrst approximation to the Kaluza-Klein modes of Cjjk, it is consistent to consider 
just the classical CJS action, whose bosonic part is Q. With the above assumptions 
on terms linear or bilinear in the vacuum fluxes, the vacuum fluxes do not affect the 
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Kaluza-Klein modes of Cjjk, and the euCHH Chern-Simons term in 1^ also plays 
no role. Thus for a first, classical, aproximation to the masses of the Kaluza-Klein 
modes of Cuk, we can neglect the vacuum fluxes completely, and consider just the 
— -^HjjklHijkl term in ^. Then after adding gauge- fixing terms as follows, and 
noting that for the metric ansatz fll4p . covariant derivatives D^ are ordinary derivatives 
(9^, and commute with each other and with Da, we have: 

— -TE^IJKlHijkL — --:{0'DaCav(T H D aC Aua){0'DT-CTU(7 H DbCbuo) 

48 4 a a 

~ 9 {bD^C^Aa + TDBCBAa){bD^C,,Aa + tDeCeAct) 

— T {cD^C^AB + -DECEAB){cDyCuAB H DeCfAb) = 



1 



ABE 



- d^CuaAd^CuaA + 2 (^1 — 6 j d^C^aAduCuaA " DaC^ubDaC^ub 

+ DaCi^^^bObC^ua ^DaC^^aDbC^ub 

a (43 

- d^CuABd^CuAB +(-'-""'') d^C^ABduC^AB — D aC ^beD aC ^BE 

+ 2DaC^beDbC^ae — j^DaC^aeDbC^be f + To j ~ d^CABEdf_iC^ 

3 

— DaCbefDaCbef + ^DaCbefDbCaef t^DaCaefDbCbef 

where a, 6, and c are gauge parameters. Derivatives in the right-hand side of (H3|) 
act only on the smallest object to their immediate right. Cuk and Hukl in (H3l) 
refer to the Kaluza-Klein modes only. The modes of different spin along the extended 
dimensions are decoupled in the right-hand side of fH3|) . If we choose a = h = c = 1, 
which corresponds to a gauge- fixing term —^DjCjklDjCjkl and is effectively Feyn- 
man gauge, then after making a Kaluza-Klein ansatz such as C^^a = Cfiv {i) ^a {^) in 
the corresponding field equations and separating the field equations, the field equations 
on H^ in the metric qab of sectional curvature —1 have the form — {5d + d6) u = m'^uj, 
where 6d + d6 is the Hodge - de Rham Laplacian, so the intrinsic masses rh of the 
modes with p A- type indices, < p < 3, are given by the spectrum of the negative of 
the Hodge - de Rham Laplacian for p- forms on H^. From pages 42 to 43 of [20], this 
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means that their masses, as seen on the HW boundary, are m = ^m, where A and B 
are the constants in the metric ansatz (IT4l). 



Choosing ahernatively now the hmiting gauge choice a — )■ 0, & — )■ 0, c — )■ 0, we 
obtain Proca-type unitary gauges for the massive antisymmetric tensor fields on the 
extended dimensions [HSIIHS], and Landau-gauge-hke restrictions such as DaC^^a = 
on the dependence of the modes on position on H^ , which means that some of the 
massive modes obtained in Feynman gauge are unphysical, and would be cancelled by 
corresponding Faddeev-Popov ghosts in Feynman gauge. 

From pages 9 to 12 and 16 to 17 of [20], it seems likely that classically, the lightest 
massive modes of a p-form gauge field on H^, for p < 3, will have intrinsic mass 
m = 3-p[l2l[77l[78l[7i|80l[8ll|82l[83l|8ai85l[86l|83 

From pages 42 to 43 of [20], this means that their mass, as seen on the HW boundary, 
is m = (3 — p) ^. 

2.1.1 The classically massless harmonic 3-form modes 

In addition to the classically massive modes of Cjjk, there are classically massless 
modes Cabc = C {x)uabc{x), C^ab = C^{x)uab{x), and C^^a = C^^ (x) uja{x), 
corresponding respectively to harmonic 3-forms ojabc (x), 2- forms Uab {x), and 1-forms 
ua (x), on H^. The field strengths Habcd, H^abci ^i^d H^^ab^ that would occur 
respectively in their classical mass terms, vanish identically, so they can only obtain 
masses from quantum corrections that arise from interaction terms that contain Cuk 
explicitly, so the relevant terms in (jj]) are the CJS Chern-Simons term euCHH in 
([3]), and the Green-Schwarz term flTOj) in (jlj). The harmonic 0-form mode C^j,uct {x) is 
classically a pure gauge mode, with no physical degrees of freedom. 

If these modes all acquire masses ~ k^i from quantum corrections, then only the 
harmonic 3-form modes Cabc are expected to be sufficiently numerous for their large 
number to compensate for the gravitational suppression of their couplings enough for 
them to be seen at the LHC, because from pages 17 to 19 of [20], the Betti number B^ 
of W is estimated as ~ -—-^ while the Betti numbers B2 and Bi of H^ are estimated 
as powers strictly less than 1 of 1^7 [971 EHl EHl [M EH ITOT] . 

The leading contribution to the squared masses of the harmonic 3-form modes 
of Cabci in the presence of the fiuxes Habcd proportional to harmonic 4- forms on 
H^ , arises from the CJS Chern-Simons term in (IHl), on integrating out H^^^^r |102j . 
The fiuarp component of the Bianchi identity for Hjjkl is satisfied automatically, 
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so after making a suitable choice of gauge for C^^„, we can change variables from 
Ciiua to H^y„ri which is now an unconstrained scalar multiple of e^i/o-r- In particular, 
choosing the Lorentz gauge condition d^Cp^pa = 0, and suitable boundary conditions 
as x^ = x^ -^ ±00, we can write: 

/d 
d^x'—GiF {x - x') H^^^f, {x', x) , (44) 



where G^f {x — x') is the Feynman propagator for a massless scalar in 3 + 1 dimensions, 

dxf^dxu 



which satisfies — ^-fo- G^f {x — x') = 5'^ [x — x') 



Neglecting the leading quantum correction FgQ °^ , we can now integrate out H^^^jr^ 
since it occurs quadratically in the CJS action 03]). The terms containing -ff^jyo-r 
quadratically are the -H^^^^H^""''' and -AH^^^aH^"""^ terms from -HjjklH^-^^^. 
The —Hni^crrH'^'"^'^ term corresponds to a multiple of the identity matrix in the H^y^^r 
Hilbert space, and we can expand the inverse of the matrix defining the quadratic form 
corresponding to these two terms as a power series in the matrix corresponding to the 
—AdACfj^yad'^C'^^'^ part of the second term. 

However when we evaluate the expectation value of the resulting mass term in 
a specific classical 3-form mode on H^ , each derivative Ba-, (which as it occurs here 
is a covariant derivative for the metric 0141) . since the only non- vanishing Christoffel 
symbols are T a^c)i will roughly give either a factor of the classical mass of that mode, 
which is zero for the harmonic 3-form modes, or a factor of -^. The harmonic 3-forms 
are the most covariantly smooth 3-form modes, so I shall assume that for them, any 
such factor of -^ is accompanied by a factor -^, where L7, the intrinsic diameter of H^ , is 
~ 27 for V7 ~ lO^'^, if H^ is reasonably isotropic, in the sense that it has a fundamental 
domain in H^ that is approximately spherical. So for a first approximation to the 
mass of the harmonic 3-form modes, 1 shall neglect the — i9AC*^i/cr term in Hn^crA- 

To extract the relevant part of the Chern-Simons term in ([2D, we split each index 
Ji . . . Ill independently into its fi range and its A range, and look for terms that can 
produce Hf^^^r, after integrations by parts if necessary. To get a C^^^, one of the three 
factors Ci^i^i^Hi_^,,j^Hi^,,j^^ has to have at least 3 /i-type indices. 

There are 2 terms like e^^^^^^^'^^'"''^ C abcH defgH ^u^t- 

There are 8 terms like e^'^^C' Cfj^yaliT-ABcHDEFGi which contains a term 

that on integration by parts, gives \ef^^^^^^^^'"'''CABcHDEFGHf,yaT- 

There are 32 terms like e,^^-, ^^" '^ CABcH^yaDHrEFC, which contains a term 
that on integration by parts, gives 
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I ABCuvaDrEFG^ ( f) tt \n — n 

— 4^(11) '^ABC [OD-n^ua-T) ^EFG — U. 

Thus the relevant terms in ([3]) containing -ff^vo-r are: 

„„ 2 d xe[ —H^^^T-H^"'^'^ — —Z7;^(u) ^"""^ C abcH defgH ^y^r ■ (45) 

9d«;ii Jb V 108 ^ ' J 

After completing the square and integrating out Hfj,i,^r, this becomes: 

~ Q^ .2 / ^ ^^«5*'(7) ^{7)hijklmnCabcHdefgC H . (46) 

I shall now assume that to leading order in the LOW harmonic expansion, the vacuum 
fluxes satisfy: 

TT ttEFGH _ "'^ kE X Fx G^H] _ "' RFGHIJK fAj\ 

UabCdJ^ - ^^^^^-B dc do' - J^^^£{7)ABCDIJKe(7) , (,47) 

where the coefficient is fixed by ([1]), and as with ([1]), the LOW expansion only needs to 
be applied over relatively small local regions of H^ , due to the approximately uniform 
distribution of the fiuxes across H^ . All indices in (146 p and fl47j) are tangential to H^ . 
After adding the kinetic term —AH^abgH^^^'^ from —HjjklH^'^^^, (H^ becomes: 



k L ''"-' (-^^^--^"-^^^ - i^i^^^^^-^^) ■ (^«) 



Thus within the above approximations, all the harmonic 3-form modes of Cabg obtain 
the same intrinsic mass m = ^3 . From subsection 11.11 above, the best value of 



?7 = J3 chosen by the PMS is 77 ~ 1.425, so rra ^ 0.2. Thus the mass of these modes, 
as seen on the HW boundary, is m ^ O-^^- 

2.1.2 The coupling of the harmonic 3-forni modes to the SM gauge bosons 

The coupling of the harmonic 3-form modes of Cabc to the SM fields can be obtained 
by integrating out H^y„ri in the same way as was done above to calculate their mass. 
In Moss's improved form of Hofava-Witten theory, the boundary condition for Hjjkl 
has the form P El [101 [II] : 

Huvwx\y=y,^ = ^ [^Y' {-^F^vF^^^ + X^Tyuvw (/^x]x)^) + • • • , (49) 

where x^ is the gaugino, and . . . denotes terms that involve the gravitino or Rjjkl ot 
HijKL- This can be integrated to: 



2/3 / 1 ,v. 1 



ir^v^7-ioi-) 



Cuvw\y=y,^-^y-^j y-^^uvw + ^X ^uvwX ]+\uvw + ---. (50) 
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where 

^uvw = 6tr [ApdvAw] + -iAyuAyAw^ (51) 

is the Yang-Mills Chern-Simons 3-form, Xuvw is an arbitrary closed 3-forni on the 
boundary, and . . . denotes terms that involve the gravitino or the Lorentz Chern- 
Simons 3-form or Hjjkl- 

With the notation of (127|) above, let Cuvw (2;, x) denote the right-hand side of 
(150|) . If we neglect Hfj,^„r and H^^^a and the CJS Chern-Simons term, the CJS field 



equations (TT^ for Hjjkl include an equation ^ (a%^a ^H^y„y) = 0, whose solution 
is H^^a-y = ^ ffj.ua {x , x) . If we further neglect C^^y, we then find that the form of 
C^^a induced by Cf,^^ (x, x) is C^^^ = ffiua {x, x) J^ ^^dy'. In the approximation of 
neglecting the perturbations p (y) and q (y) defined between fl27j) and fl28|) above, so 
that a (y) = A, and b (y) = i?cosh^, we have: 



^^^^ =^ / ^ ^ = —. T5 -, (52) 



s/ ^My') 4 fi6(^coshf) 30fi5(cosh| 

so in the further approximation of setting yi, the value of y at the boundary, to 0, the 
flux Hj^^^l induced by (7^^„ {x, x) is: 



8A%^ 



1-4 ri /7 ~ 
^fiucry (^5 ^5 2/) — o A2h6 ^A"^*^ ("*"' "^^ ' (53) 



The principal coupling between the SM gauge bosons and the Cabc modes arises 
from the cross term between Hj^^^^, and the flux HJ^j^°y^^ that originates from (jS]), 
in —-^^^j^d}^xe{H^y„yH^^'"^y), which is one of the H^^^aH^'^'^^ terms neglected in 
deriving (HSj) . Using the algebraic field equation for H^^^^ that follows from ( HSj) . we 
find: 



i^X°" i^^^^y) = ^1 fer%^<^./^'^'^^-(x 



" (54) 

- X') [SCaby {x', X, y) Hcdef + 4Cafec {x' , X, y) Hdefy) J , 

where Hcdef and Hdefy are the vacuum fluxes that to leading order in the LOW har- 
monic expansion, applied over relatively small local regions of H^ , satisfy ([1]) and ( H7|) . 
So considering just the Yang-Mills term in C^y^ ix^x), the principal coupling between 
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the SM gauge bosons and the Cabc modes is: 

- X') e'^^^'^'^^y {SCaby {x', X, y) Hcdef + 4:Cabc (£', X, y) Hdefy) ■ 

(55) 

The integral is strongly localized near the boundary, because e^^f ^ is h~^ times ±1 
or 0, and a -^ A and b — t- i?cosh-^ as y — ?■ oo. If we again neglect the perturbation 
p (y), so that a (y) = A, and neglect the massive Kaluza-Klein modes of the Yang-Mills 
gauge fields, then the coupling is approximately: 



J--L T) \ 



(n) ' ' (56) 



X C(„) {x') J_^ ci^x^^ef7f ^^^^^a;(„)ABC {x, yi) Hdefg {x, yi) , 
where Cabc {x, x, y) has been expanded in mass eigenmodes as: 

Cabc {x, x, y) = ^ C(„) (x) uj{^n)ABc (£, v) ■ (57) 

(n) 

If we restrict this sum to the harmonic 3- form modes, with mass m ~ 0.2-g, then 
when the coupling f l56|l is inserted into a momentum-space Feynman diagram for two 
gluons to turn into a C(„), which then decays to 2 or 3 SM gauge bosons, the massless 
propagator G^p at each end of the C(„) propagator becomes a factor -^ near the C(„) 
mass shell. Thus near the C(n) mass shell, the coupling ( l56l) has the standard form 
for the coupling of the SM gauge bosons to axion fields C(„) (x) |102j . However the 
C(„) fields, whose mass would be around a TeV, are very different from conventional 
axions, which are extremely light |103[ 1104] . 

If candidates for the C{n) modes are observed and their decays to 3 gluon jets can 
be identified, the coupling ( ISBj) could be tested by plotting the energies of the 3 gluon 
jets, in the reconstructed rest frame of the candidate C(n) niode, on a Dalitz plot 
|105[ I106[ 1107] ■ The coupling is proportional to the 4-momentum of the C(„) mode 
because ^^'^)^FA^ F^ , is a total derivative, so in radiation gauge in the rest frame of the 
C(„) mode, the polarizations of the gluons in the 3-gluon term in f l5T]) must be linearly 
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independent, and that is not possible if the 3 gluons are colhnear. Thus the amphtude 
vanishes for 3 colhnear gluons, which means that the distribution of events will be 
depleted near the edges of the Dalitz plot, which are the lines 2Ei = m, 2E2 = m, and 
2E3 = m. The background to this effect would include both the QCD background, and 
the decays of the candidate C(„) modes to 2 gluons, where one of the gluons radiates a 
third gluon. 

2.2 The Kaluza-Klein modes of the metric 

The background solution of the field equation for the metric depends essentially on 
the presence of the leading quantum correction (^ to the CJS action, so the presence 
of that term has to be taken into account in studying the Kaluza-Klein modes of the 
metric. However (jl]) is 8th order in derivatives, so it has to be treated as a perturbation 
of the momentum- dependent terms in the action of the Kaluza-Klein modes. For a 
first approximation, I shall neglect the contribution of (^ to the momentum-dependent 
terms in the action of the Kaluza-Klein modes, and calculate the contribution of (^ 
to the mass squared of the dilaton/radion. I shall then assume that the contribution 
of dl]) to the mass squared of the other light Kaluza-Klein modes of the metric is of 
similar magnitude to its contribution to the mass squared of the dilaton/radion. 

I shall write the perturbed metric as Gjj = Gjj + 2hjj, where Gjj is the metric 
defined by f fl4|) . and hjj is the perturbation tensor. Indices will still be raised and 
lowered with Gij, and covariant derivatives Dj will still be defined in terms of the 
unperturbed metric Gjj, and satisfy DjGjk = 0. Repeated lower coordinate indices 
are still understood to be contracted with G^'^ . The inverse of Gjj will be written as 
G = G^'^ — 2/1^"^ + Ah^ xh^'^ — ■ ■ ■, to distinguish it from the tensor obtained from 
Gjj by raising both its indices with G^'^ . Other quantities defined in terms of Gjj will 
be written with a double bar above them. Repeated lower coordinate indices are still 
understood to be contracted with an unperturbed inverse metric G^'^ , in accordance 
with the convention stated between ([8]) and (|9]). Then we have the tensor: 

A/k = T/k - T/k = g"^ {DihKL + DkHil - DlHik) , (58) 

and the tensor: 

Rij^'l = Rij^'l + DiAj'^L - DjAr'^L + Aj^'mA/'l - Aj^^/A/^i, (59) 



23 



and also: 



e = \I-G = e[l + hn- hijhji + -hjjhjj , , 



(60) 



where the double-barred quantities in the above equations are defined in terms of Gjj 
with their indices in the positions shown. We then find |108[ I109[ 1110] : 

eR = eG Rij = eG Rri j 

= e { R + hjjR — 2hjjRjj + 2hjKhKjRij + ^hiKhj^RuKL — '^hxRhuRij — hjjhjjR 



+ -hiihjjR-DKhijDKhij + 2DihiKDjhjK-2DihijDjhKK + DKhnDKhjj 



(61) 



where = means up to the addition of total derivative terms, and the identity: 



eDjhjKDjhjK = eDjhjxDjhjK - ehjKhKjRij + ehiKhjiRijKL 



(62) 



has been used. 



Let Xg be defined such that FgQ , in (j4]), is i^ /g d}^xeX^. Let Xg denote Xg as 
(ED, (ED, (HOD, dm), and the definition of Z as explained after (HID, 



calculated from (jlD, (ED, 

with Gij replaced by Gu = Gu + 2/i/j, and let 



X, 



in (159D set to 0, so that 



X, 



■o.A 



denote Xg, but with Aj"^ k 



dhi 



G 



w.o.A 

denote the ordinary derivative of 



does not contain any derivatives acting on /i/j. Let 



X, 



w.o.A 



with respect to hjj at hjj = 0, 



where as usual in differentiating a function that depends on a symmetric tensor, all 
components of the tensor are treated as independent in the argument of the function. 



d\Xs\ 

SO that — — ^^'^'^^^ 



dhr 



G 



hjj is the linear term in the expansion of 



X, 



v.o.A 



in powers of hjj. 



Let 



X, 



lA 



denote the part of the linear term in the expansion of Xg in powers of hjj 



that arises from Aj k only, and let 



X, 



2,rd, 



denote the quadratic term in the expansion 



of Xg in powers of hjj, but with the term —2 



d Xa 



dhij 



--IJ 



G 



hiKhxj, that originates from 

the quadratic term in the expansion of G , removed. Let AgJ*^ be the integrand of 
TgQ^ in ([2D. Then the expansion of 2fi;^]^AgQ without the metric- independent CJS 
Chern-Simons term, through quadratic order in hjj, up to total derivative terms, can 
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be written: 

en — T^eG G G G J^ijKL-nMNOP + eA g 



1, , \ r„ 1 

--t^IJKL-tilJKL + -^8 I" 

'^8 



e ( 1 + /lATAT — hMNhNM + -hMMhNN ) j "^ "~ -J^H jjklH ijkL + -^8 



1 1 ^ 

+ e (1 + Hmn) {—"^hiM + ^hjohoKi) { Rim — -t^HjjklHmjkl 



w.o.A 



12 2 dhiM 

- eDjhjKDjhjK + 2eDjhjKDjhjK - 2eDjhjjDjhKK 

+ eDjhjjDjhKK - 2ehiKhKjRij + 2ehiKhjLRijKL 
1 

°tlTMh TlvJi.T JT<-T.tl MMr<'T. -\- ehMM A« +6 As 

2,rd. 



G> 



-ehjMhjMHijKLHMNKL + e/lTVAT 



lA 



(63) 



For the unperturbed solution considered here, the field equation (fTSjl resulting from 
varying A, or equivalently, the field equation resulting from varying G^^, states that 
the action is zero, so the contents of the first pair of braces in ( l63l) are 0. This requires 
fine-tuning the root mean square fiux strength /i in ([T]) , and from |111] or page 34 of 
|20j . this can easily be achieved to the required precision of about 1 part in 10^° of 
/i^, due to the large fiux numbers of the fiuxes wrapping typical 4-cycles of H^ , with 
intrinsic 4-area ~ 10'^'^, even when the fine-tuning is required to hold over the relatively 
small local regions over which the Lukas-Ovrut-Waldram harmonic expansion |2T] is 
assumed to be applied. The observed cosmological vacuum energy density of about 
(2.3 X 10^'^ eV) [112[ I113[ I114J is negligible for terrestrial laboratory experiments, 
and I shall here treat the contents of the first pair of braces in (1631) as exactly 0. The 
contents of the second pair of braces in (1631) are then also exactly in consequence 
of the field equation flT9|) resulting from varying i?, or equivalently, the field equation 
resulting from varying Gab-, since to first order in hu, the only /i/j-dependent terms 
in the right-hand side of (1591) are the two D/S. terms, and when we integrate the D 
away from the A by parts in FgQ , the D can only act on an Rjjkl, whose covariant 
derivatives are all 0, by the local symmetry of the metric ansatz (fT4|) . 

When we split the index I to fi and A, the third and fourth terms after the second 
pair of braces in (I63p contain mixing terms between h^^, and the dilaton/radion, which 
is here proportional to h^A- This mixing arises because the coefficient of y/—gR (g) in 
fl39|) . when f p9|) is derived from ([3]) by integration over H^, is proportional to the volume 

= 7 

Vy oi H . This mixing can always be removed in a manner consistent with general 
covariance along the extended dimensions, by making a dilaton-dependent conformal 
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transformation of the metric g^^, along the extended dimensions, of the form ^^,^ = 

2 

(y^j ''"^ 9nu^ where d is the number of extended dimensions, here 4. This is usually 
referred to as going to Einstein frame |115j . 

To the relevant order for the mixing terms, ^ = 1 + h^A, from (1601) . Thus from 
g^lu = G^u = G^,i,+2h^^, and defining g^^ = G^,^+2s^y, we have h^y = Sf,y--^hAAG^u- 
We also define Iab = hAB — ^hccGAB, where n is the number of compact dimensions, 
here 7, so that Iaa = 0. Then after adding gauge-fixing terms as follows, ( l63l) becomes: 

-eDihjxDjhjK + 2 eDjhjKDjhjK - 2 eDihjjDjhKK 
+ eDihjjDjhxK - 2 ehiKhxjRij + 2 ehiKhjiRuKL 



— -^ ehiMhjNHjjKLHMNKL + eh^N 



X, 



lA 



+ e 



X, 



2.rd. 



2 e dDaSau + hD^Sau + -DaKa aD^s^y + feZ^^^s 



a 



—DshyB 
a 



a + b ( 
■e— ^ I -2 Df^hf^B + DBS/,/,- 



a 



a + b 



DAhAB + 



c/-2 



/^r/i 



B'iAA 



-2 DyhyB 



DnS 



B'^uu 



a + b 



Dak 



C"'CB 



d-2 



Duh 



B'I'CC 



-ed^s^adf^S:,^ + 2 (^1 - a^) ed^s^^dyS^^ - 2 (l + 2a6 ) ed^s^ydyS^ 



1-26) ed^Syyd^,s„„ - eDA-s^yDAS^y - -eDAS^^DASyy 



b 

— f 
a 



- 2 ed^hyAd^hyA - 2 — z — ed^h^AdyhyA - 2 eDAh^BDAh^^B 

2 
+ 2eDAh^BDBh^A - -^eDAh^ADBh^^B - (id^tABdf,tAB - eDctABDctAB 

(Jj 

+ 2 cRABCotActBD — 2 cRABtActBC ~ ^ ^H abCeH ABBptcDtEF 



a + 2b /^ 

+ -e Da^ac + 

a + fe V 



+ -\ DchAA) (DBtBC + (-, — ^ + - ) DchBB 



d-2 n 



d-2 n 



- ] edf,hAAdf,hBB - ( - — ;: + - ) eDchAADchBB 



d-2 n 
1 



d-2 n 



2^2 



eHABCDHABCDhEEhpF + c/l 



NN 



X, 



lA 



+ e 



X, 



2.rd. 



(64) 



Here a and b are gauge parameters, ^ has been used to set HABCoHABCEiDE to 0, 
and eDAh^A^Bh^B — ^RABh^Ah^B — ^DAh^BDBh^A, valid for the metric (fT4l) . has 
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been used. If we choose a = l, 6 = — |, we obtain de Bonder gauge for s^j, and 
Feynman gauge for h^A, and the traceless tensor modes tAB on H^ are decoupled from 
Haa, apart from possible couplings coming from the last two terms. 

The tAB and Haa niodes are where tachyons are most likely to occur [1161 I1U9] . 
If we ignore the last two terms in (IM|) . then after making a Kaluza-Klein ansatz 
tAB = t{x)ijJAB (x), the intrinsic masses fh of the tAB modes are determined by the 
spectrum on H^ in the metric Gab = B'^qab of the equation: 

—DcDqujab — 2 Racbd^cd + Rac^cb + Rbc^ca 

1 1 m2 (65) 

+ -^HacefHbdef^cd — t^GabHcefgHdefg^cd — j^^ab- 

The last term in the left-hand side of (l65l) results from the tracelessness of tAB in 
fl64p . From pages 42 to 43 of [20], the masses of these modes, as seen on the HW 
boundary, are m = ^rh, where A and B are the constants in the metric ansatz (1141) . 
The first 4 terms in the left-hand side of fl65|) are known as the Lichnerowicz Laplacian 
acting on the traceless symmetric tensor uab- On uncompactified iJ" of sectional 
curvature — -^ with n > 2, its spectrum extends from 4^"" to +00 [117^ 1118] . 
If similar eigenfunctions with approximately the same eigenvalues exist on H^, then 
from ([1]), with the best estimate r] ~ 1.425 from the second paragraph before (1231) . 
where ^7 = -^ from (fT7|) . the spectrum of m? in ( 165|) on H^ would extend from about 
—3 — 1.02 = —4.02 to +00. Thus the tAB modes would include tachyons, unless the 
last two terms in ( IMl) lift their squared masses sufficiently. 

The dilaton/radion is the mode of Hab such that Hab is an x-independent multiple 
of Gab, so that all covariant derivatives DAhsc are 0, and tAB = 0. For this mode 
Gab = GAB + 2hAB = {B + 5Bf qab, so Haa = 7 (f + ^) . From just before m, 
AgQ*^ is the integrand of FgQ*^ in ([2]), and after substituting for SB in terms of Haa, 

= (bos) 

the expansion of AgQ in powers of 6B through quadratic order has the form: 

^(bos) ^ ^(,^„, ^ dj^^ Q_^^^ _ ^^^^^^^^ ^ l^^-^B^hAAhBB (66) 

In the vacuum, Aq^q and Jg vanish by f lTSl) and flT9l) respectively, and from fl23l) . 
with the best estimate 77 ^ 1.425 from the second paragraph before (123|) . q^^ ~ 
—1.18 2/33 - Thus after adding the momentum- dependent part of the dilaton/radion's 
kinetic term from ttt- times f lMl) with d = 4 and n = 7, neglecting any momentum- 
dependent contributions from the last two terms in ( 164|) . the terms quadratic in /i^^i 
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in the gauge- fixed AgQ gf , in a gauge with a + 2b = 0, are: 

= (bos) ^^B^(9 , 1 1.184\ , \ ,.-,, 

^SG,g.f. ^^2^ I Y^d^hAAd^^hsB + ^ ^8 ^aa/^bb I • (67) 

Thus using the best estimate B ^ 0.28ki( from the second paragraph before (l23l) . the 
intrinsic mass squared of the dilaton/radion is ~ 78, so from pages 42 to 43 of [20], the 
dilaton/radion's mass, as seen on the HW boundary, is rridn — 9^. 

The dilaton/radion's intrinsic mass squared receives a contribution ^1.4 from the 
third from last term in ( 1641) . and the remaining ~ 76.3 comes from the last term 
in flMjl . so its relatively large size suggests that the last two terms in f l6^ might 
be able to raise the squared intrinsic masses of the t^s modes sufficiently to avoid the 
occurrence of tachyons. The relatively large value of the mass term in f l67|l is due to the 



relatively small value of -^ ^ 0.28, notwithstanding that this value of -^g satisfies the 
Giudice-Rattazzi- Wells perturbativity criterion [57] by a substantial margin, as noted 
in the paragraph before (!23l) . It is interesting to note that the above estimate of the 
dilaton/radion mass is about 42 times larger than the mass ^ 0.2 -^ of the classically 
massless harmonic 3-form modes found in subsection 12.1.11 

If we ignore the last two terms in flM|) . then after making a Kaluza-Klein ansatz 
hfj,A = hfj,{x)ujA{x), the intrinsic masses rh of the h^A modes are determined by 
the spectrum on W in the metric qab of sectional curvature —1 of the equation 
— {6d + d6) uj = m'^uj, where Sd + dS is the Hodge - de Rham Laplacian for 1-forms on 
H^. So from pages 9 to 12 and 16 to 17 of [20], it seems likely that the lightest massive 
modes of h^A will have intrinsic mass m = 2, up to corrections from the last two terms 
in ([Ml) [121 [771 [THl [791 EQlEIl 18211831 [83 [851 Eg And from 

pages 42 to 43 of [20], their masses in this approximation, as seen on the HW boundary. 



are m = 2-^, where A and B are the constants in the metric ansatz flT^ . However 
the relatively large contribution of the last term in f l6^ to the dilaton/radion's mass 
squared suggests that the last two terms in ( l64ll might give a larger contribution to rh^ 
for these modes than the value 4 obtained in this first approximation. 

There are no massless vector modes /i^a corresponding to continuous symmetries 
of H^, because H^ is a smooth compact negatively curved Einstein space, and there- 
fore cannot have any continuous symmetries. For a vector field V^ that generates a 
continuous symmetry on a smooth Riemannian manifold Ai satisfies the Killing vec- 
tor equation DaVb + DbVa = 0, and thus = D^ [DaVb + DbVa). But from the 
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definition 1^ of tlie Riemann tensor, on page IH we liave D^DbVa = DbD^Va + 

RbdV^, and from the Killing vector equation, we have D^Va = 0. And if Ai is 

a negatively curved n-dimensional Einstein space with n > 2, then Rbd = —otQBDi 

where a = —-R > is independent of position by the contracted Bianchi identity, 

DaR - 2D^Rab = -in-2) Sau = 0. Thus we find D^DaVb = agBoV^, hence 

V^D^DaVb = aV^gBvV^. Thus if A^ is compact, we find on integrating by parts 

that: 

/ d'^x (d'^V^) {DaVb) = -a f d'^xV^gBoV^ (68) 

Jm ^ '^ Jm 

The left-hand side of this equation is > 0, but for nonzero V^, the right-hand side is 
< 0, so there can be no such nonzero V^. 

The classically massless h^A modes corresonding to harmonic 1-forms on W could 
obtain masses from terms in the last term in (!M|) built from h^Ah^B and the vacuum 
Rabcd and Habcd, as well as from further quantum corrections, like the harmonic 
p-form modes of Cjjk- 

If we ignore the last two terms in f l64p . then after making a Kaluza-Klein ansatz 
Sij.u = Sfj^u (x) u (x), the intrinsic masses rh of the s^u modes are determined by the 
spectrum on H^ in the metric cjab of sectional curvature —1 of the negative of the 
Laplace-Beltrami operator: —y=dA i^/gg'^^dBOJj = fri^u. So from pages 9 to 12 and 
16 to 17 of f20], it seems likely that in this approximation, the lightest massive modes 
of s^^ will have intrinsic mass m = 3[l2l[771[78l[79l|80l|8ll[82l[83l[8l[85l|86l|83 
[891 EQl EH [m |92l |93] , and from pages 42 to 43 of [20] , their masses as seen on the HW 
boundary will be m = 3^, where A and B are the constants in the metric ansatz (1141) . 
But as for the h^A modes, the relatively large contribution of the last term in fl64p 
to the dilaton/radion's mass squared suggests that the last two terms in flMj) might 
give a larger contribution to m^ for these modes than the value 9 obtained in this first 
approximation. 

If we make the limiting gauge choice h -^ —a + a^, a — )■ in ( l64l) . we obtain the 
Fierz-Pauli unitary gauge for the massive s^^ modes and the Proca unitary gauge for 
the massive h^^A modes along the extended dimensions |119[ [95| [96] , and Landau-gauge- 
like restrictions DAh^A = and DAtAC + i'^ + n ) R'chAA = on the dependence 
of the modes on position on H^, which in the same way as for the 3-form gauge field 
means that some of the massive modes obtained in the de Donder/Feynman gauge are 
unphysical, and would be cancelled by corresponding Faddeev-Popov ghosts in the de 
Donder/Feynman gauge. The gauge invariance for the massless s^^ modes is unfixed 
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in the limiting unitary gauge, and we are free to add additional gauge-fixing terms just 
for these modes, which are independent of position on H^ . 

3 Modes that decay along the beam line outside 
the interaction region at the LHC 

The classically massless harmonic 3-form modes were found in subsection 12.1.11 above 
to aquire approximately equal masses ~ 0.2^, and in subsection 12.1.21 their leading 
couplings ( l56l) to the SM gauge bosons were found to be axion-like near their mass 



shell. From pages 17 to 19 of [20], their number is expected to be ~ j-^, so they 



1 



r\j 



could be sufficiently numerous for their large number to compensate for the 
suppression of their couplings enough for them to be seen at the LHC. 

From pages 12 to 13 of [20], it seems possible, on the basis of the results of |120] and 
|121] . that the lightest generic classically massive modes of Cfj,i,a, C^^a, Cfj,AB, s^^, h^A, 
and h^A, with classical masses 3^, 2^, ^, 3^, 3^, and 2^ respectively, could have 
large degeneracies ~ Vj, that restore agreement between the spectral staircase and the 
Weyl asymptotic formula for the number of modes up to mass m, immediately above 
the generic spectral gap. Any non-generic lighter modes would be too few to see at 
the LHC. However the much larger mass ^ 9^ calculated in subsection 12.21 above for 
the dilaton/radion mode of Haa, which is classically massless, suggests that when the 
contributions of the Fg^ "'^ term (jlD in ([2]) are included, the lightest classically massive 
modes of all the above types, and also the lightest modes of tAB and the lightest modes 
of Cabc other than the harmonic 3-form modes, might all have masses ~ 8-g or more. 

The harmonic 1-form, 2-form, and 3-form modes of Cf^^A, C^^ab-, and Cabc re- 
spectively have vanishing field strength Hjjkl, and thus cannot get masses directly 
from the CJS action (^ or FgQ "'^ . The leading contributions to the masses of these 
modes come from loop diagrams that contain two CJS Chern-Simons vertices, whose 
contribution to the mass of the harmonic 3-form modes of Cabc was approximately 
calculated in subsection 12.1.11 above. It is the fact that Cabc has no classical spectral 
gap [H51 E] that results in the number of harmonic 3-form modes being ~ j^, while 
the numbers of harmonic 2-form and 1-form modes are ~ V^, with a < 1 [991 HOP] - 

Thus it seems possible that the model considered here and in [20] has several types 
of approximately degenerate bosonic modes of the supergravity multiplet, such that 
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the numbers of approximately degenerate modes of each type are large enough to 
compensate for the ~ — ^^ suppression of their couplings to the SM states, so that 

V ^7 



the modes could be seen at the LHC. The lightest such modes are likely to be the 



classically massless harmonic 3-form modes of Cabc, with mass ^ 0.2-^, and axion-like 



couplings to the SM gauge bosons. 

3.1 Approximate distribution of decay lengths 

Considering now the modes of just one of these types, approximately degenerate with 
mass m, the modes will not be exactly degenerate, because the root mean square field 
strength h of the vacuum 4-form fluxes is likely to vary slightly from region to region 
on H^, and moreover for the harmonic 3-form modes, the degeneracy depends on the 
approximation discussed in the second paragraph after (jH]). The variation of h from 
region to region on H^ will be random, so by Anderson localization [122] , the modes 
will be approximately localized on different regions of H^. For the following rough 
estimates I shall treat the modes as if they were scalars, both along the 4 extended 
dimensions and along H^. The spherically symmetric eigenmodes of the Laplace- 
Beltrami operator on uncompactified H^ behave like e~^^ times an oscillating factor at 
large intrinsic geodesic distance y from their centre of spherical symmetry |1231I124] . so 



I shall assume that the approximately localized modes behave roughly as e v ^'°<=/ , 
where y is the intrinsic geodesic distance from their centre of localization, and the 
intrinsic localization length Zioc is likely to be ~ ^ for the harmonic 3-form modes, 
which from the discussion after (14T|) above is ~ 14 if H^ is reasonably isotropic, and 
Mil is near its current lower limit of 2.3 ± 0.7 TeV for 7 flat extra dimensions. 

The coupling constant c of one of these modes to the SM fields is roughly the 

amplitude e V ^lo^ / of the mode at the HW boundary times a constant that is the 
same for all the modes of this type, as for example in ( 1561) above, where y is now the 
intrinsic geodesic distance from the HW boundary to the localization centre of the 
mode. The s channel production rate of such a mode is proportional to c^, and its 
width is also proportional to c^, so its lifetime is proportional to ^. If such a mode is 
produced at the interaction point (IP) in ATLAS or CMS, it will have a longitudinal 
momentum along the beam direction equal to the net longitudinal momentum of the 
two partons that produced it. The distribution of longitudinal momentum of the 
mode, and of the corresponding relativistic enhancement factor for its lifetime in the 
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laboratory frame, are independent of c, so for a rough estimate I shall treat the mode 
as having a fixed decay length / along the beam direction, that is -^ times a constant 
that is the same for all the modes of this type. 

For reasonably isotropic H^ , the intrinsic volume of H^ between intrinsic geodesic 
distances y and y + dy from a fixed point of H^ is from page 9 of [20] roughly a constant 
times e^^dy, for y up to its maximum value ~ ■^. Thus the number of modes whose 



6L 



loc , 

ac 



coupling constant to the SM fields is between c and c + dcis roughly c ^-^loc+i -^^ times 
a constant that is the same for all the modes of this type. So the number of modes 
whose decay length along the beam direction is between / and I + dl is roughly l^^ioc+'^ — , 
times a constant that is the same for all the modes of this type. 

The number of particles of decay length / decaying between distances z and z + dz 
along the beam line from the IP per unit time, summed over both directions along 
the beam, is ^q-^/^ times the production rate of particles of decay length /. The 
production rate of one of the approximately degenerate modes of mass m at the LHC 
is proportional to c^, thus is y times a constant that is the same for all the modes of 
this type. Thus the number of particles of this type decaying between distances z and 
z + dz along the beam line from the IP per unit time is: 

/•/max 1 1 -^^loc dl _^hoc+l / /, \ 

kidz / -e"^/ y/3iioc+i— ~ k^z 3^ioc+i [l - e-^/'™j dz, (69) 



where ki and /c2 are constants that are the same for all modes of this type, /min ~ 10 
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metres, /max is determined by the maximum value ^ -^ of y, and in the right hand side 



of ( 1^ I have set /max to oo since the integral of (IB^ over z is convergent at large z, 
and used an approximation for the incomplete F function. 

The integral of the right-hand side of fl69l) over z from to oo is convergent at both 
limits, and by integration by parts is equal to: 

h (3L,o. + l) F (^£i^) C?^ - k, (3L,.. + l) Q^, (70) 

where the right hand side of (170|) is approximately valid for Lioc > 1. 

Thus even though the vast majority of the approximately degenerate modes of mass 
~ m couple only with gravitational strength to the SM fields, so that their lifetimes 
are ~ 'g\^ ~ hours [57], the approximate localization of the modes on W , and the 
inverse proportionality of the production rate of the modes to their decay length, mean 
that most of the modes actually produced at the LHC decay in or near the detectors, 
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so that the Breit-Wigner formula [107^ 1125] can be used to calculate the total cross- 
section for the production and decay of these modes in the s channel, as implicitly 
assumed on pages 13 to 16 of [20]. The possibility that modes seen at the LHC could 
be a relatively small number of linear combinations, localized near the HW boundary, 
of the large number of approximately degenerate modes, and that the modes localized 
near the HW boundary would have correspondingly large couplings to the SM fields, 
was noted on page 43 of [20] . 



3.2 Approximate total cross-section 

For comparison with the LHC data, let A^ be the number of approximately degenerate 
modes of mass ^ m, and /i be the width of the distribution over which the modes are 
spread. The A^ approximately degenerate modes of mass ~ m will be labelled by an 
index n. I will assume that yU > r„ for all the modes \n), where r„ is the total width 
of the mode \n). 

A monoenergetic high energy beam of protons of energy E is equivalent to a beam 
of partons, such that the number of u quarks per unit area per unit time with energy 
between xE and (x + dx) E is /„ (x) dx times the number of protons per unit area per 
unit time, and similarly for the other types of parton, where fp (x), p = u,d,g,'LL,d, . . . 
are the parton distribution functions (PDFs). The PDFs evolve logarithmically with 
Q^, the square of the momentum transferred in a scattering process, and for a rough 
estimate I shall use the plot [I26] with Q^ = ig-i GeV^. 

The plot [126] shows that to a good approximation, fg (x) > 10 fu (x) for all x, 
fg (x) > fu (x) for all X < 0.1, fg (x) > 0.1/„ (x) for x up to at least 0.4, fg (x) > 5/j(x) 
for all X, fg (x) > fd (x) for x < 0.25, and fg (x) > 0.2/;^ (x) for x up to at least 0.35. 
The modes of mass ~ m are uncharged, and couple with approximately equal strength 
to all the partons, so for a first approximation, valid for m up to at least about 2.5 
TeV for the LHC with 7 TeV centre of mass energy, I shall consider the gg initial state 
only. 

If A^ was 1 and all the modes of mass ~ m produced in the s channel decayed 
within the detector, then the total cross-section for the process gg ^ n ^ f, where 
\n) is the mode of mass ^ m, which for the rough estimates here I am treating as if it 
was a scalar, and / is an SM final state such as uu, gg, W~^W~ , ... , would be given 
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in the \n) rest frame by the Breit-Wigner formula |lU7t 1125] : 

a{gg^n^f) = --\---ATi- ^^^^^^^^f . L ^ (71) 

^ '^ 8 22 2 E^ ({E-m^f + Vl/Ay ^ ^ 

where E is the invariant mass of the gg system, and '^n^gg and r„_^j are the partial 
widths for \n) decay to gg and /. The factor | is the probability that the two initial 
gluons can form a colour singlet, the factor ^ is for the average over the helicity states 
of the initial gluons, and the factor ^ is the probability that the helicities of the two 
initial gluons sum to 0. 

For each type of SM final state /, r„_>.j = j \{f \n) {"^dpf , where / . . . dpf represents 
a phase space integration that is independent of n [107[ 1125] . The mode \n) is not 
present in the final state, so for A^ > 1 we have to sum the amplitude over all the modes 
\n). The amplitude factor that leads to the final two factors in a {gg -^ n ^ f), ( 17T1) . 
after the phase space integrations are done, is: 

l<^l"><"l««> E-^„V.r„/2 - (^2' 

In the example ( 1561) . the only dependence on the mode \n) of the matrix element 
(/ \n), for SM final states / consisting of SM gauge bosons, whose wave functions are 
independent of position on the closed hyperbolic factor H^ of the HW boundary, is 
effectively via a single coupling constant that measures the integral of \n) over the HW 
boundary, weighted by the vacuum 4-form fluxes at the boundary. If the final state / 
includes quarks or leptons, whose wave functions depend on position on H^, different 
\n), whose wave functions are larger or smaller in different regions of H^, could couple 
with different effective coupling constants to different quarks and leptons. But from 
the discussion after (HTj) . on pagefT^ the intrinsic diameter Lq oi H^ lies between about 
5.7 and 6.0 if H^ is reasonably isotropic, and the current upper bound on the intrinsic 
diameter L7 of H^ is about 28 if H^ is reasonably isotropic, so since the curvature 
radius 61 of H^ is ^ B, the ratios Lj/Lq and L^/Lq lie between about 4.9 and 4.7, if 
both H^ and H^ are reasonably isotropic, and L7 is near its current upper bound. 

I shall therefore assume that for a first approximation, the only dependence of 
the matrix element (/ \n) on the mode \n) is via a single real-valued effective coupling 
constant c > that measures how large the wave function of \n) is at the HW boundary. 
We now choose a particular element of the eigenmode basis that is localized close to 
H^, say |1). For each mode \n), we define the coupling constant c„ of \n) to the SM 
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states to be such that for one particular SM final state (/o|, (/o \n) = (/o |1) c„. Then 
for all SM final states (/|: 

(/|n)^(/|l)c„. (73) 

Let p2 {c,m') be such that the number of elements In) of the eigenmode basis such 
that Cn lies between c and c + dc, and the exact mass nin of \n) lies between m' and 
m' + dm', is p2 (c, m') dcdm'. I shall assume that due to the random and uncorrelated 
nature of the slight variations from region to region on H^ of the root mean square 
field strength h of the vacuum 4-form fiuxes, p2 (c, m') approximately factorizes as: 

P2 (c, m) ~ pc (c) pm {m) , (74) 

where 

dcp^ (c) = 1, / Pm ijn') dm' = N. (75) 

Then: 

-m/2 

^N{f\l){l\gg) dcc'p.ic). (76) 

Jo 

The number A^ of approximately degenerate modes \n) of mass ^ m, would be at most 
~ V7, which for m ~ k^ ~ TeV is ~ 10^^. I shall assume that pm (^) is smooth, 
and is for \m' — m\> p/2. 

The only factor in the amplitude factor (1721) that varies significantly with ?7i„ over 
the mass range m, — p/2 < m,n < m + fi/2 is the final factor: 

1 



/■oo /•m+iJ,/2 

J2{f\n){n\gg)c^{f\l){l\gg) dc dm'c^p2{c,m')c:i 

„ Jo Jm—a/2 



(77) 



E -mn + 2r.„/2' 

where by assumption r„ < p. The sum of the amplitude factor fl72|) over the modes 
\n) can be replaced by integrals over c = Cn and m' = mn as in (1751) . To a first approx- 
imation, when multiplied by the smooth density of states p2 (c, m') ^ pc (c) pm {m') 
and integrated over m' , the ?Ti'-dependent factor (!77|) is effectively ^ — ivr^ {E — m,'), 
because the ir„/2 means that the integration path has to go around the singularity 
in the lower half of the complex m,' plane. Choosing the integration path to be along 
the real axis except for a small semicircle centred at m' = E, the contributions from 
the real axis cancel to a good approximation for r„ ^ p, and roughly cancel for all 
Tn < fJ', and the semicircle gives —in times the density of states pc (c) pm {'m') evalu- 
ated at m' = E. Thus the sum of the amplitude factor fl72|) over the modes \n) is 
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approximately: 

y^ — (f In) (n \qq) — — — ^ 

~ -iTr—{f |1) (1 \gg) / dcc^p, (c) / rfm'p„ (m') 5 (E - m') ~ 

£/ JO Jm-n/2 

^ -27r-p,n (i?) (/ |l) (1 \gg) / rfcc^p, (C) =. 

-C/ JO 

^ -zvr-^p^ (E) 1 $:(/ |n) (n \gg) . (78) 

n 

where fl76|) was used at the last step. 

For A^ modes, the final two factors in flTTl) are replaced by the phase space integrals 
/ / . . . dpfdpgg of the squared magnitude of the mode sum (!78l) of the amplitude factor 
( l72l) . which are approximately: 

1 . ,„.. 1 



1 - ,_^2 1 



1^^ 



TT^— p^ (i?)' — jj ^^C^4(/ |1) (1 1^^) (^5 |1) (1 I/) dp^dp,, ^ 

n n' 



~ vr^ 



where the approximate factorization (1731) has been used at each step. 

In addition to the eigenmode basis of the modes \n) of mass ~ m, we can consider 
a basis where all the modes are approximately uniformly spread out over W , and thus 
by pi]) couple with approximately equal, gravitational, strength to the SM fields. Let 
{{n)} be a basis of this type. It is related to the eigenmode basis by an A^ x A^ unitary 
transformation. 

The partial widths Tn^f = J \{f \n) \'^dpf of the modes in the {\n)} basis are 
estimated in order of magnitude by [57] : 

^n^gg ~ ^n^ggg ~ . . . ~ Tn-,uu ~ . . . ~ Tfi^j^^p^ ~ m Gn ~ 10~ TcV, (80) 

where the final ~ applies for m ~ TeV. Thus for all SM final states /: 

lT.if\n){n\f)dpf= fj2{f\n){n\f)dpf^Nm^Gr,. (81) 

Thus from (I79|) . the last two factors in f l7T|l are for the A^ modes replaced by roughly: 



rs^ 



n'^,Pm{Efm'Gl. (82) 
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Thus the total cross-section is roughly: 

a ((7(7 ^ any n ^ /) = i ■ 1 ■ i ■ 47r ■ vr^-lp^ {Ef m^G], ~ m'Glp,, {Ef . (83) 

To produce a mode \n) with mass ^ ?7i at rest with P = 3.5 TeV per proton, each 
gluon needs x ^ ^. If the 4-momenta of the protons are (P, 0, 0, P) and (P, 0, 0, — P) 
and the momentum fractions of the gluons are Xi and X2, then their Mandelstam s is 
P^ ({xi + X2) — {xi — X2) ] = 4P^XiX2. From the plot |126] we find that fg (x) ~ 
0.060x~^'^^ for 0.05 < x < 0.2, but substantially smaller than this for x > 0.3. For 
a first approximation I shall use fg (x) ^ 0.060x~^'^^ for < x < 0.3 and fg (x) ^ 
for 0.3 < X < 1. The initial partons are massless, so the final form of the estimate 
flS^ of the total cross-section in the centre of mass frame of the two gluons is also the 
approximate total cross-section in the laboratory frame |125] . Thus the total cross- 
section for proton + proton -^ any n + X-^f + X is roughly: 

/ dxi f (ix20.060^ (a;ia;2)^ ' 'm'^GJ^pm {2P^/xlX2) 
Jo Jo 

2 4^2 ^^ /'°-^ dxi rHp^ 2xdx 
~ O.OeO^m^G^ ' ' 



" 1.2p2 -■- 4,P 

^0.1m'G%^(^f\n'^, (84) 

/i \mj m 

where I approximated pm (E) as — from m — ^ to m + ^ and outside this interval, 

defined x = ^xxx^-, and assumed p <t^ m and ^ < 0.3. 

As a reference estimate of the number A^ of approximately degenerate modes of 

mass ~ m, let iV-weyi,m be the Weyl asymptotic formula for the number of eigenmodes 

of the negative of the Laplace-Beltrami operator A = 4=9^ [V99^^dB-) on H^, in the 

metric (jab of sectional curvature —1, with eigenvalue up to m^, where rh = m^ is the 

intrinsic mass corresponding to m: 

where Sq = ^ii^ is the area of the unit 6-sphere. Thus from (HTj) : 

A'w=,.,«G„ = ^^^^ - 0.046^. (86) 

where the best value B ^ 0.28/s;ii , from subsection ll.lt has been used. 
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In numerical studies of the spectrum of —A on compact hyperbolic 3-manifolds of 
small intrinsic volume, Inoue found that the Weyl asymptotic formula is approximately 
valid down to the lowest non-zero eigenvalue Ai, so that if Ai occurs at a larger value of 
rh than would be expected from the Weyl formula, there is a degeneracy or approximate 
degeneracy of eigenvalues near Ai, that restores agreement with the Weyl formula for 
m^ above Ai [120] . It is also known that for n > 2, every H^ has pairs of finite 
covers of arbitrarily large volume ratio, whose sets of eigenvalues of —A, ignoring 
multiplicities, are identical |121j , so since the Weyl asymptotic formula is certainly valid 
for sufficiently large rh, every H^ has finite covers whose eigenvalues have arbitrarily 
large multiplicities, for sufficiently large m. 

It seems likely that A'weyi.m, (l85l) . will give an under-estimate of A^ for the classically 
massless harmonic 3-form modes, whose intrinsic mass was calculated approximately 
as m ~ 0.2 in subsection I2.1.H and an over-estimate for all the other types of mode. 
For the harmonic 3-form modes, A^ is the 3rd Betti number B3 of H^, which from pages 
17 to 19 of [20], is expected to be ~ j^. For a reference estimate of the coefficient, 
the middle Betti number of an H"^ with even n and large intrinsic volume Vn is from 
pages 18 to 19 of [20] given roughly by Bn/2 — i~.}j'i Vn-, and in particular, for ra = 6, 
fig ~ 0.060^6, and for n = 8, ^4 =^ 0.067^8 [Ml [TDO]. I shall use iVa-form.rcf = 0-06 j^ 
as a reference estimate of i?3 of H^ , which for V'^ ~ 10^^, gives A'g-form.rcf — 8 x lO"'^^?, 
while from ([85]), A^weyi,o.2 ^ 2 x IO^^Vt- 

The numbers of harmonic 2-form and 1-form modes are ~ V^ , with a < 1 [9911100] , 
so these modes are not expected to be observable at the LHC 

For the remaining modes, the much larger intrinsic mass mdu — 9 calculated in sub- 
section 12.21 for the dilaton/radion mode of /i^A, which is classically massless, suggests 
that the Fg^ term ([1]) in (12]) might give an additive contribution ~ 9^ to the squares 
of their intrinsic masses, so that a better estimate of A^ might be obtained by replacing 



m in fl85l) by ^Jrn? — mg, for some m^ < m. 

Substituting A\veyi,m for A^ in (^^ and using fl86]) . we obtain: 

^18 .ps 2.34 g Qp 

cr (prot + prot ^ any n + X ^ / + AT) ~ 10"^ — In^ , (87) 

fxm \mj m 

as a rough reference estimate of the total cross-section for the modes of each type 
except the harmonic 3-forms, for m < 0.6P, where P is the energy per proton, currently 
3.5 TeV at the LHC For the harmonic 3-forms, the reference estimate of A^ is A^3-form,ref 

Aveyl,0.25 



not A^^eyio.25 SO the coefficient 10 ^ in the right-hand side of (1871) is replaced by 10^. 
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3.3 LHC results and prospects 

From (169|) and (!70|) . the fraction of the events where one of the A^ approximately 
degenerate modes \n) of mass ^ ?7i is produced in the s channel, such that the \n) 
decays further than z^ut ^ ^min along the beam line from the IP, is ~ (r^J ^^^°''^^ . 

\ ^inin / 

Relevant searches at ATLAS and CMS have so far always accepted events that pass all 
cuts not related to the position z of the reconstructed primary vertex along the beam 
line relative to the IP, and for which 1^1 < 10 centimetres [1271 [I28l [Ml [I29l [I30] . Thus 



if the intrinsic localization length Lioc was 28, which from the start of subsection 13. H is 
twice the largest expected value ~ -^ ^ 14 for Mn at its current lower limit for 7 flat 
extra dimensions, the fraction of \n) production events that miss the z cut would for 
^min ~ 10~^^ metres be at most about 0.6, and for smaller values of Lioc, this fraction 
would be smaller. Thus for comparison with the searches carried out so far at ATLAS 
and CMS, the order-of-magnitude estimate flMl) does not require any correction for the 
z cut. 

An early candidate for such modes was a 2.8 sigma bump at 1.8 TeV seen in the 
first 295 per nb of proton-proton collisions at 7 TeV centre-of-mass (c.o.m.) energy in 
ATLAS-CONF-2010-088 pSZ], which if real would have corresponded to a 27 pb cross- 
section for the modes to be produced in the s-channel and decay within the 15 + 15 
centimetres along the beam line centred at the nominal interaction point (IP) allowed 
by the z cut on the primary vertex. However if the bump had been real there would 
have been a bump in the dijet final state with a similar total cross-section, and from 
Table II of [131] , which used 1.0 per fb of proton-proton collisions at 7 TeV c.o.m. 
energy, the 95% CL upper limit on the total cross-section of such a bump at 1.8 TeV 
in the dijet final state is now about 0.1 pb. 

In a recent search for narrow high-mass resonances decaying into e^e~ or fi^fi^ 
final states in about 1.1 per fb of proton-proton collisions at 7 TeV c.o.m. energy, with 
each lepton having transverse momentum pt > 25 GeV, ATLAS found no significant 
excess above the SM background in the search region from about 110 GeV to 2 TeV 
|129] . The signal acceptances were around 65% for electrons and 40% for muons, and 
from Figure 1 of this article, the SM background in the e~^e~ final state from about 
120 GeV to 2 TeV is roughly: 



da 



d{} 



TeV 



5.14 
ATLAS 
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and the SM background in the fj^'^fi~ final state is roughly the same. 

In a recent search for evidence of ADD large fiat extra dimensions [H [21 13] in the 
fi'^fi~ final state in about 1.2 per fb of proton-proton collisions at 7 TeV c.o.m. energy, 
with each muon having transverse momentum p^ > 35 GeV, CMS found no significant 
excess above the SM background in the search region from about 120 GeV to 3 TeV 
[69] . The simulated reconstruction efficiency for high mass Drell-Yan dimuon events 
in the selected acceptance range was above 90%, and from Figure 1 of this article, the 
SM background from about 120 GeV to 2 TeV is roughly: 



da 



d[-^ 



TeV 



4-4(^)""fb. (89) 



CMS 

In a recent search for evidence of ADD or Randall-Sundrum extra dimensions [64] in 
the diphoton final state in 2.2 per fb of proton-proton collisions at 7 TeV c.o.m. energy, 
with each photon having transverse energy Et > 70 GeV, CMS found no significant 
excess above the SM background in the search region from about 150 GeV to 2 TeV 
[132] . The corresponding diphoton reconstruction and identification efficiency was 
about 76%, and from Figure 1 of this article, the SM background from about 150 GeV 
to 2 TeV is roughly: 

da 



" V TeV y 



CMS 

In a recent search for evidence of ADD or Randall-Sundrum extra dimensions in the 
diphoton final state in 2.12 per fb of proton-proton collisions at 7 TeV c.o.m. energy, 
with each photon having transverse energy Ej- > 25 GeV, ATLAS found no significant 
excess above the SM background in the search region from about 150 GeV to 2 TeV 
[72] . The selection efficiency for events within the detector acceptance was about 70%, 
and from Figure 1 of this article, the SM background from about 150 GeV to 2 TeV is 
roughly: 

da 



1 (rnjj\ 
" V TeV y 



^■3 [^) fb. (91) 



ATLAS 



Let t denote one of the types of mode for which there might be a sufficiently large 
number of approximately degenerate modes of intrinsic mass ^ fht for them to produce 
a bump in the above cross-sections if they were produced in the s-channel at the LHC. 
Thus t denotes either the harmonic 3-forms Cabc of intrinsic mass ffi^^ ^ 0.2, or the 
lightest generic classically massive modes of one of the types C^^^, C^^a, C^ab^ s^^, 
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hAA, and /i^^, with classical intrinsic masses 3, 2, 1, 3, 3, and 2 respectively, or the 
lightest generic modes of Iab, which from the discussion after ( 165|) would be tachyonic 
unless the last two terms in ( 164|) lift their squared masses sufficiently. The much larger 
intrinsic mass ~ 9 calculated after (E7|) for the dilaton/radion mode of Haa, which is 
classically massless, suggests that when the contributions of the FgQ °^ term (jl]) in 
([2]) are included, the intrinsic masses of all modes other than the harmonic 3-forms, 
harmonic 2-forms, and harmonic 1-forms might be ~ 8 or more. 

The harmonic 2-forms and harmonic 1-forms, and also any other non-generic modes, 
sometimes called supercurvature modes |12Uj , such as the light modes in the far-from- 
isotropic closed hyperbolic 7-manifolds considered in the paragraph after (l42l) . whose 
classical squared intrinsic masses are less than the minimum value of the classical 
squared intrinsic mass of the corresponding type of mode on uncompactified H^, are 
expected to be too few in number to be seen at the LHC 

If the actual number of approximately degenerate modes of type t and intrinsic 
mass ~ rht is Nt = Xt A^woyi,»nt , where Xt is expected from the discussion before fl87|) 
to be < 1 except for the harmonic 3-form modes, the estimated total cross-section for 
proton + proton — )■ any mode of type t + X— )-/ + Xisby fl84p obtained from the 
reference estimate (187|) by multiplying by xf. Thus for / = e~^ + e^, the requirement 
that the total cross-section for this process, spread over a peak of width fit centred 
at rUe+e- = frit, should be less than (I55|) . gives on using P = 3.5 TeV and lfb= 
2.569 X 10-^ TeV-^: 

9 lo 2.1 TeV /i? / mt X^-^o , , 

x^tThlHn < 0.01-^ — ^ (92) 



mt ml 



VTeV/ 



in order of magnitude, which would have applied from about 120 GeV to 2 TeV if 
the statistics had been sufficient. However the total number of background events 
expected for ?ne+e- > 1 TeV is only about 1, so the limit from |129] is weaker than 
(|92|) for mt>l TeV. 

For the harmonic 3-forms, the reference estimate of the number N of modes is 
^3-fomi,rcf = 0-06j^, which for Vj ~ 10'^^ is ~ 4 x 10^A''wcyi,o.2, so if the actual number 
of approximately degenerate harmonic 3-form modes of intrinsic mass fh-n ^ 0.2 is 
N^i = Xsf A''3-form,ref, the limit (p2|) becomes: 

,l,JAI^ < om4 (^r (93) 

m3f mi^j VTeV/ 

in order of magnitude. 
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The logarithmic factor in the left-hand sides of ( 1921) and (1931) decreases from about 3 
at rrit ~ 120 GeV to at ttij = 2.1 TeV, so allowing for the low statistics for rrit > 1 TeV, 
the limits from the search [129] are that if msf or an rrit lies in the range from about 120 
GeV to about 1.5 TeV, then the corresponding adjustment factor Xsf = A^sf/A^s-form.ref 
or Xt = Nt/NT^cy].,fht is bounded in order of magnitude by: 

X3f < 0.1-^, xtmf < 0.1-^. (94) 

msf mt 

The limits flMj) give absolute bounds in order of magnitude on the adjustment factors 
Xsf and Xt if the corresponding mass ??7,3f or rrit lies in the range from about 120 GeV to 
about 1.5 TeV, since -^ < 1 in order of magnitude, and for t other than the harmonic 
3-forms, the intrinsic mass frit seems likely to be larger than 1, and possibly as large 
as ~ 8 or more. 

The backgrounds (189|1 . (pOjl . and (!9T|l are equal in order of magnitude to the back- 
ground ( IHHl) at corresponding final state masses rrif, and cover roughly the same range 
oi iTif from about 120 GeV to about 2 TeV, and the corresponding searches have the 
same lack of statistics for mj above 1 TeV as the search [129j . Thus the limits from 
the searches [69], [132] . and [72] are also that if ??7,3f or an rrtt lies in the range from 
about 120 GeV to about 1.5 TeV, then the corresponding adjustment factor Xsf or Xt 
is bounded in order of magnitude by ^^. 

If the order of magnitude bound x^i < 0.1 was not satisfied, and x^i was also 
sufficiently large for m^i < 120 GeV to be excluded by earlier searches, for example at 
the Tevatron and LEP, then since ?7i3f ^ 0.2^ from subsection l2.1.H where the constant 
A in the metric ansatz (IT^ lies between about 0.7 and 0.9, from the discussion following 
fl38|) . and the best value of the constant B in the metric ansatz flT^ is i? ~ 0.28fi;]^{ ~ 
1.2M{]^, from subsection II. H m^i > 1.5 TeV would imply Mn > 10 TeV, corresponding 
to Kii > 2.3 TeV, which is a stronger limit than the current experimental lower bound 
on Mil for 7 fiat extra dimensions, which is roughly Mn > 2.3 ±0.7 TeV, corresponding 
to Atn /^ > 0.55 ± 0.2 TeV [651 ESI in [Ml EH [701 [m Ea [Za ES]. 

If ?7i3f is smaller than about 300 GeV, and xsf satisfies ([94]) if ?7i3f > 120 GeV, 
and is sufficiently small to have allowed the harmonic 3-form modes to have escaped 
discovery at the Tevatron, and at LEP if m^^ < 209 GeV, then rrit could be under 
1.5 TeV for some of the other types of mode, if the second bound in fj9^ is satisfied 
for that t. From the discussion before ( 1871) . it seems likely that for t other than the 
harmonic 3-forms, a better estimate of the number Nt of modes than A^weyi,mt might 
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(^m'f -mlym^^ < 0.1 — . (95) 



be N J / m'^-m'^ f*^^ some mo < mj, where A^weyi,m was defined in (15^ . Then the 
second bound in (p4|) becomes: 

mt 

This form of the bound cannot be used if t denotes the lightest generic modes of tAB, 
which would be tachyonic unless the last two terms in fl64p lift their squared masses 
sufficiently, but if t denotes the lightest generic classically massive modes of one of 
the remaining types C^^a, C^^a, Cf^AB, s^^, Haa, and h^A, whose classical intrinsic 



masses Jrhf — rriQ lie in the range 1 to 3, then it implies that rrit > 1.5 TeV. If we 
then assume that for at least one of these types of mode, rrit is not much larger than 
the mass ??7,dii of the dilaton/radion mode of Haa, which from the paragraph after (1671) 
is ~ 9-g, we find Mn > 0.2 TeV, which corresponds to Kh > 50 GeV. This then 
implies m^f ~ 0-2^ > 30 GeV. These limits do not depend on the value of x^i- 

The tachyonic m^ at the bottom of the m^ spectrum of the generic modes of Iab, 
when the last two terms in ( l64l) are neglected, is ~ —4 from the discussion after ( 165|) . so 
if the last two terms in (!64l) contribute a term ~ mjji ^ 80 to m^ for Iab, the lightest 
generic modes of Iab will not be much lighter than the lightest generic classically 
massive modes of the other types other than Cabc^ so will also be heavier than around 
1.5 TeV. 

Thus it seems likely that if modes decaying along the beam line outside the interaction 
region are to be observable at the LHC with 7 TeV or 8 TeV c.o.m. energy, these modes 
must be the Cabc harmonic 3-form modes whose mass was approximately calculated 
in subsection 12.1.11 as m^{ ^ 0-2^, and whose number is N^i = xsfA^'a-form.rcf, where 
^3-form,rcf = 0-06 j^ from the discussion before (l87|l . and Xsf satisfies the first bound 
in (194|) in order of magnitude. These modes are pseudo-scalars along the extended 
dimensions, and were shown in subsection 12. 1.21 to have axion-like couplings to the SM 
gauge bosons. 

For these modes, the estimates in subsection 13.11 can be put on a slightly firmer 
foundation. Let H^ be a closed hyperbolic n- manifold, n > 2, and H^ be a closed 
p-manifold that is embedded as a minimal-area p-cycle in H"^, where 1 < p < n — 1, 
and H^ is closed hyperbolic for p > 2. Near H^ we can choose the coordinates on H"^ 
to be x^ = {x"',6^,y), where x" are coordinates on H^, 9^ are coordinates on the unit 
{n — p — l)-sphere, and y is the intrinsic geodesic distance from H^. The metric is: 



dsl = B^gABdx^dx^ = B^ [cosh^y Qatdx^'dx'' + sinh^y gijdO'dO^ + df) , (96) 
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where Qab is a metric on H^ of sectional curvature —1, and Qij is a metric on the unit 
{n — p — 1) -sphere. 

Let u:ai...Aj, be a harmonic p-form on H"^ that coincides with the p- volume form on 
H^ at y = 0, and does not closely coincide with a nonzero multiple of the p- volume form 
on any other minimal-area p-cycle in H^. The integral / dx°''^ . . . dx°'^u:ai,,,a {x-, 0, y) at 
fixed ^* and y is independent of the 6'* and y by the generalized Stokes's theorem |133] , 
so for y up to the smallest value at which a point of H"^ has two different representations 
in these coordinates, uja-^,,,ap {x,9,y) will be approximately independent of the 9^ and 
y. If H^ has intrinsic diameter substantially larger than 1 and is reasonably isotropic, 
in the sense that it has an approximately spherical Dirichlet domain in n-dimensional 
hyperbolic space _ff", then uJa-^,„ap {x,9,y) could be approximately independent of the 
9^ and y up to values of y that are substantially larger than 1. In that case the integral 
Jffn d"-Xy/gg'^^^^ . . . g^''^^coAi...Ap(^Bi...Bp will be approximately equal to the contribution 
to it from the region with y less than about 2 or 3 if 2p > ra — 1, since the factor e~^™ 
from the inverse metrics then outweighs the factor e^""^)® in ^/g for y larger than about 
1, so for 2p > n — 1 the harmonic p-form ujai...a is effectively localized in a region of 
intrinsic half-thickness y ~ 1 centred at H^. 

The case p = 3, n = 7 is on the borderline where this form of geometric localization 
just fails to occur. If we convert the coordinate indices of UAiA2A:i to local Lorentz in- 
dices by contraction with a vielbein e^^, where hatted indices are local Lorentz indices 
and S'-^^e^(^e^ f) = g^^, then the coordinate scalar u^_^^^^^ has the same |/-dependence 
g-3j/ fQj, moderate y > 1 as the amplitude of the spherically symmetric eigenmodes of 
the Laplace-Beltrami operator on uncompactified H^ [123[ 1124] . However the effec- 
tive rate of decrease oi u^ ^ ^ with increasing y is expected to be more rapid than 
e~^^ due to Anderson localization, which is an interference effect in which waves fail 
to propagate in a disordered medium, due to interference between multiple scattering 
paths [1221 [M fT35lfT36] . 

The loffe-Regel criterion for Anderson localization of single-particle wavef unctions 
in a disordered potential is that wavefunctions are localized when the mean free path 
between scatterings is smaller than the wavelength [1221 1137] . The harmonic 3-forms 
are classically massless, so if H^ is reasonably isotropic, their intrinsic wavelength on 
H^ is roughly the intrinsic diameter Lj of H^. The classical dynamics of a free particle 
in a compact hyperbolic space is strongly chaotic, and the Gutzwiller trace formula, 
which gives the semiclassical correspondence for classically chaotic systems and relates 
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a set of periodic orbits along closed geodesies to a set of energy eigenstates, becomes 
for compact hyperbolic spaces an exact relation known as the Selberg trace formula 
|120[ I138[ 1139] . Thus it seems likely that both classically and quantum mechanically, 
the effective mean free path between scatterings on H^ will be at most Z7, so that 



harmonic 3-forms on H^ will behave roughly as e *^ ^^""^ for |/ > 1, where Lioc > 
is the intrinsic localization length. 

The intrinsic diameter L3 of a minimal-area 3-cycle H^ in H^ cannot be more than 
the intrinsic diameter L7 of H^ , so if H^ is reasonably isotropic, it cannot have intrinsic 
3- volume V3 greater than ~ e^^"^-*^''/^, from page 9 of [20]. For Lj ^ 28, from the 
discussion following f HT]) . on page dU this gives V3 not above ~ 10^^, so that the 
intrinsic 7-volume of the region of H^ within intrinsic distance y < 1 from H^ is not 
above ~ 10^^, which is very small in comparison to the intrinsic 7-volume Vj ~ 10^^ of 
H^ ^ if Ki^ is comparable to its current experimental lower limit. Thus for a rough 
first approximation we can treat H^ as a point, and y as the intrinsic geodesic distance 



from that point, and to this approximation the behaviour e V^^^J^ of the harmonic 
3-forms is the behaviour assumed in subsection 13. 1[ 

The radio-frequency (RF) cavities that accelerate the protons in the LHC beams 
operate at 400 MHz, so the separation between adjacent RF "buckets" is 2.5 ns, which 
corresponds to a separation of 75 cm in the laboratory frame [140] . The r.m.s. length of 
the bunch of protons in a single RF bucket is 7.5 cm in the laboratory frame [140^1141] . 
and during the 2011 proton-proton runs, one RF bucket in 20 was actually filled with 
a bunch, so the actual separation between adjacent bunches was 15 metres in the 
laboratory frame. This is also the planned separation between adjacent bunches for 
the 2012 proton-proton runs, for which the energy of a proton in one of the beams is 
to be 4 TeV [132] . 

From page 44 of [140] , the r.m.s. beam radius at the interaction point (IP) of one 
of the two principal experiments was initially planned to be 16/im, with the r.m.s. 
divergence of a beam at the IP set at 32/irad, and the crossing angle set at 200/irad. 
Thus the collisions would take place in the middle 7.5 cm of a beam crossing region 
of length about 32 cm, that is about 32/im in diameter at its centre, and tapers to a 
point at each end. ATLAS and CMS appear to use approximately these parameters 
[nS] fTH] [Hg [TH], except that from page 273 of [TiTj . the crossing angle in CMS is 
285 yurad, and from pages 2 to 3 of [146] . the crossing angle in ATLAS might also be 
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285 yurad. Thus in both ATLAS and CMS, the coUisions take place in an approximately 
cylindrical region of diameter ~ 32yum and length ~ 7.5 cm centred at the IP, and the 
experiments must detect jets and charged leptons emitted from any point in this region, 
so as not to waste part of the available luminosity. 

In practice during 2011 ATLAS appears to have imposed a cut requiring the distance 
\z\ along the beam line from the primary interaction vertex to the IP to be less than 
20 cm for inclusive final states or final states containing muons, in order to reduce 
the background from cosmic ray muons [147^ 1148^ 11491 I128J . and CMS has sometimes 
imposed a cut requiring \z\ < 12 cm to reduce the background from cosmic ray muons 
|130j . while for dijet final states, ATLAS does not appear to impose any cut on \z\ 
|150[ 11511 1152[ [T3Tj . although in practice a limit of roughly \z\ < 6 cm might arise from 
finding the event vertex or vertices using tracks that originate in the beam collision spot 
|153] . since for 7 TeV c.o.m. energy, the ^-distribution of primary interaction vertices 
is a Gaussian with a ~ 2.2 cm [154] . For a rough estimate at 7 TeV or 8 TeV c.o.m. 
energy, I shall treat the interaction region as extending for 6 cm in each direction along 
the beam line from the IP. 

The ATLAS Inner Detector is 7 metres in length along the beam line |143] . and 
the CMS Inner Tracking System is 5.4 metres in length along the beam line |141] . 
The central barrel part of the ATLAS Inner Detector is 1.6 metres in length, with the 
remainder of the length of the Inner Detector consisting of two identical end caps, and 
the CMS Tracker Inner Barrel is 1.3 metres in length, surrounded by the Tracker Outer 



Barrel which is 2.2 metres in length. From page 24 of |146] . the ATLAS detector is 
capable of measuring the z values of tracks roughly perpendicular to the beam line 
up to at least |z| = 1 metre, and thus beyond the central barrel part of the ATLAS 
Inner Detector, and from page 3 of |130] . CMS is capable of reconstructing tracks from 
decays that occur up to 50 cm from the beam line, although with significantly less 
than 100% efficiency. I shall assume that both ATLAS and CMS can approximately 
measure the z values of tracks roughly perpendicular to the beam line, over the whole 
length of their Inner Detector or Inner Tracking System, although with substantially 
less than 100% efficiency for finding tracks at the larger \z\ values. 

For a reference estimate I shall consider the ATLAS Inner Detector, and thus con- 
sider modes that decay along the beam line at a distance between 6 cm and 3.5 metres 
from the IP. From fp^ and fITU]) . on page 15^ the fraction of the harmonic 3-form modes, 
of intrinsic mass msf ^ 0.2, that decay further than a distance z ^ /min ~ 10^^^ metres 
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10- 



metres \ 3-Li +1 






along the beam line from the IP, is approximately / i^n j ^^^loc+i , 
for Lioc > 1, where Lioc is the intrinsic localization length of the harmonic 3-forms on 
H^ . For reasonably isotropic iJ^, whose intrinsic diameter Lj would from the dis- 
cussion following pT]) . on page [HI be about 28, if k^ and Mn are close to their 
current experimental lower limits, for 7 fiat extra dimensions, of about 0.55 TeV and 
2.3 TeV respectively, Zioc would be expected, from the above discussion of Anderson 

localization, to be somewhere in the range from about 4 to about 28. Let 

1 1 

^lO""*^^ metres \ ^^loc+i /10~^^ metres \ ^^-^-loc+i 



/( 



0.06,3.5 



\L\ocj 



(97) 
0.06 metres j \ 3.5 metres j 

be the fraction of the harmonic 3-form modes that decay between 6 cm and 3.5 metres 
along the beam line from the IP. We then find the values: 
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Thus for Lioc throughout most of the expected range, /o.o6,3.5 (-^loc) — 0.03, and 
this is valid within a factor of 3 throughout the whole expected range. Thus from fl87|) 
and the following discussion, on page[3Hl with m = 0.2, and the discussion around ( l92l) 
and ( 193|) . on pageSH we obtain: 
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yUgfmsf Vmsf/ mgf 

as an order of magnitude estimate of the cross section for a harmonic 3-form mode 
of intrinsic mass rrisf ^ 0.2 and mass ?7i3f = rh^f^ < 0.6P to be produced in the 
s-channel and decay between 0.6 cm and 3.5 metres along the beamline from the IP, 
where the number of approximately degenerate harmonic 3-form modes of intrinsic 
mass rfi-sf ~ 0.2 is N^f = isf Xa-form.ref = isf 0-06j^, P is the energy per proton, which 
was 3.5 TeV at the LHC in 2011, and is to be 4.0 TeV at the LHC in 2012 [Hg, the 
warp factor A lies between about 0.7 and 0.9, from the discussion between ( l38l) . on 
page [131 and ( 139|) . on page [HJ the curvature radius B of H^ is B ^ 0.28ki( , from 
subsection II. H starting on page[9l and if rrisf lies in the range from about 120 GeV to 



about 1.5 TeV, then xsf is bounded in order of magnitude by x^f < 0.1-^^^, from (|9 
on page [421 fJ'Si is the width of the distribution of the masses of the harmonic 3-form 

to be > r„ for all 



modes, which was assumed in subsection 13.21 starting on page | 

the harmonic 3-form modes \n), where r„ is the total width of the mode \n), in order 

to derive the total cross-section estimate ( 1871) . on page[38l 



47 




Figure 1: Comparison of exponential and power dependence on 2;, for z > 0.06 



Using 1 TeV"^ = 0.3893 nb and the limit ([94]), ([98]) becomes: 



a (prot + prot — )■ any n + X — )■ / + X) 



0.06,3.5 
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/i3f / ^3f N 



-4.34 



fb. 



(99) 



msf VTeV/ 

as an order of magnitude upper limit on the cross-section for a harmonic 3-form mode 
of mass ~ ?Ti3f to be produced in the s-channel and decay between 6 cm and 3.5 metres 
along the beam line from the IP, for P = 3.5 or 4 TeV per proton, and m^f between 
about 120 GeV and 1.5 TeV. Thus if x^f is at the upper limit allowed by f lM]) . and 
/i3f ~ ??7,3f, then at the LHC design luminosity of 10 per nb per second |140j . there would 
be about 0.1 such events per second if m^f is 120 GeV, and about 10~^ such events 
per second if m^i is 1.5 TeV, and if the LHC delivers the expected 15 to 19 per fb to 
ATLAS and CMS during 2012 [Hg, there would be about 10^ such events in ATLAS 
and CMS during 2012 if msf is 120 GeV, and about 1 such event in ATLAS and CMS 
during 2012 if ?Ti3f is 1.5 TeV. 



Figure [T] shows the 2;-dependence z ^'^loc+i of the number of harmonic 3-form modes 
decaying between distances z and z+dz along the beam line from the IP, for 6 cm < z < 
3.5 metres and fixed dz, normalized to 1 at 2; = 6 cm, for Lioc = 16, 4, and 1, together 
with an exponential curve that matches the limiting case of large Lioc at z = 6 cm 
and z = 3.5 metres. This figure shows that the power-law 2;-dependence could be 
distinguished from a single exponential with a relatively small number of events, but 
it could be difficult to distinguish different values of Lioc in the relevant range of about 
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4 < -^loc < 28, even with the ~ 10^ events expected during 2012 if m^f is 120 GeV. 

The principal backgrounds to this process are beam-induced backgrounds and cos- 
mic-ray showers |146j . Beam-induced backgrounds are due to proton losses upstream 
of the IP. These result in cascades of secondary particles that fly through the detectors 
almost parallel to the beam line. The cosmic-ray showers are produced by cosmic rays, 
mostly protons and heavier nuclei, colliding with atoms in the Earth's atmosphere, 
and muons produced in these showers can penetrate down to the ATLAS and CMS 
detectors, which are situated in caverns about 100 metres underground |155j . The 
cosmic ray muons that reach ATLAS come mostly from above, and arrive mainly via 
two large access shafts that were used for the detector installation [156] . 

The harmonic 3-form modes are pseudo-scalars along the 3 + 1 extended dimensions, 
so their decay is isotropic in their rest frame. Their decay products will be boosted in 
the direction away from the IP in the laboratory frame, so the background from both 
beam-induced backgrounds and cosmic-ray muons could be reduced by selecting events 
where at least 2 charged leptons or 2 jets originate from a primary vertex that is at 
least 6 cm from the IP along the beam line, but within a few mm of the beam line in 
the transverse directions, with no missing transverse momentum, and a significant net 
longitudinal momentum in the direction away from the IP. 

The initial, hardware-based stages of the ATLAS and CMS trigger systems use 
information only from the from the muon systems and calorimeters, so they accept 
events of this type. Approximate track reconstruction is not carried out until the 
later, software-based stages of the trigger systems, which can use the high-resolution 
position data from the inner detectors, in addition to the data from the muon systems 
and calorimeters |143l I141"| 1154^ [T57] . From the discussion before equation fp7|) above, 
ATLAS and CMS are able to reconstruct approximately the tracks from primary in- 
teraction vertices up to around 50 cm to 1 metre from the IP along the beam line, 
and their high-level triggers can accept and store these events for offline analysis. If 
sufflcient rejection of the beam-induced backgrounds and the cosmic ray background 
could be achieved without reducing the signal too much, and x^f is at the upper limit 
allowed by (jUj), and fi^f ~ m^f, then the order of magnitude estimate fl99l) suggests that 
a 5-sigma discovery of the harmonic 3-form modes decaying more than 6 cm along the 
beam line from the IP could be achieved in 2012, if their central mass m^f is not more 
than about 900 GeV, which corresponds roughly to k^^ ' < 1.6 TeV and Mn < 7 TeV. 
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